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The multiscale coarse-graining (MS-CG) method [S. Izvekov and G. A. Voth, J. Phys. Chem. B 109,
2469 (2005); J. Chem. Phys. 123, 134105 (2005)] employs a variational principle to determine an
interaction potential for a CG model from simulations of an atomically detailed model of the same
system. The companion paper proved that, if no restrictions regarding the form of the CG interaction
potential are introduced and if the equilibrium distribution of the atomistic model has been
adequately sampled, then the MS-CG variational principle determines the exact many-body
potential of mean force (PMF) governing the equilibrium distribution of CG sites generated by the
atomistic model. In practice, though, CG force fields are not completely flexible, but only include
particular types of interactions between CG sites, e.g., nonbonded forces between pairs of sites. If
the CG force field depends linearly on the force field parameters, then the vector valued functions
that relate the CG forces to these parameters determine a set of basis vectors that span a vector
subspace of CG force fields. The companion paper introduced a distance metric for the vector space
of CG force fields and proved that the MS-CG variational principle determines the CG force force
field that is within that vector subspace and that is closest to the force field determined by the
many-body PMF. The present paper applies the MS-CG variational principle for parametrizing
molecular CG force fields and derives a linear least squares problem for the parameter set
determining the optimal approximation to this many-body PMF. Linear systems of equations for
these CG force field parameters are derived and analyzed in terms of equilibrium structural
correlation functions. Numerical calculations for a one-site CG model of methanol and a molecular
CG model of the EMIM*/NOJ7 ionic liquid are provided to illustrate the method. © 2008 American

Institute of Physics. [DOI: 10.1063/1.2938857]

I. INTRODUCTION
Classical atomistic ~ molecular  dynamics  (MD)
simulations'” have provided great insight into the equilib-
34

rium fluctuations of blomolecular systems, such as proteins
and lipid bllayers Unfortunately, though, the properties
that make atomically detailed MD simulations such a pow-
erful tool for investigating the equilibrium properties and
local fluctuations of biomolecular systems also limit their
application for studying slowly evolving complex processes
involving large scale fluctuations that are critical in impor-
tant biological processes such as self-assembly of the HIV-1
viral capsid7 or signal transduction in immune response.&9
These cellular processes evolve on timescales of microsec-
onds or longer and cannot be thoroughly investigated with
atomically detailed MD simulations that must be propagated
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with a timestep that is sufficiently small to accurately resolve
the highest frequency vibrations between atoms in the
condensed phase.

These limitations in atomistic MD have motivated tre-
mendous interest in the development of coarse-grained (CG)
models for investigating complex molecular processes.l
CG models provide a reduced low-resolution description of a
given system in which molecules are described by sites rep-
resenting groups of atoms. Consequently, CG models are ex-
pected to be highly computationally efficient, both because
many fewer degrees of freedom are involved in simulating a
CG model and also because high frequency intramolecular
vibrations have been subsumed into the CG sites and incor-
porated into averaged effective interactions between sites.
Moreover, these low-resolution models are particularly at-
tractive for studying slowly evolving biomolecular processes
in which large scale structural changes and not atomic inter-
actions are of principal interest. In such cases, explicit ato-
mistic detail may actually obscure the interesting or impor-
tant features of a given process. As indicated in the early
work of Levitt and Watrshel,17 the promise of CG models is
that the essential physical forces driving protein folding may
be well described by effective interactions between relatively
few low-resolution CG sites. In this case, CG models provide
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not only an efficient computational tool but also a simplified
representation and understanding of complex molecular
phenomena.

Nevertheless, it is clear that the effective interactions
between CG sites are implicitly determined by atomic inter-
actions. It is therefore a key underlying assumption in the
development and simulation of many CG models that the
results of the CG model are consistent with the results that
would be obtained using an atomically detailed model. Con-
sequently, a great deal of research has focused on determin-
ing the effective interactions between CG sites,'0713:16.18-45
Recently, Izvekov and Voth have introduced the multiscale
coarse-graining (MS-CG) method*” that employs a varia-
tional procedure for deducing effective CG interactions di-
rectly from force information obtained from atomically de-
tailed simulations. Applications of the MS-CG method have
included the development of accurate CG models for a num-
ber of complex systems, including pure and mixed lipid
bilayers,‘%’44 simple fluids®" " and ionic 1iquids,40 mixed res-
olution models of transmembrane proteins,41 small
peptides,42 monosaccharides,45 and even carbon
nanoparticles.43

The companion paper,46 hereafter referred to as Paper |
(see also Refs. 47-49), provided a formal statistical mechani-
cal framework for the MS-CG method, formulating a precise
definition and identifying sufficient conditions for consis-
tency between a CG model and a particular atomically de-
tailed model. In the context of this theory, a CG model is
consistent in configuration space with a given atomistic
model of the same system if both (1) every configuration of
the atomically detailed model can be mapped onto a configu-
ration of the CG model, and (2) the equilibrium coordinate
distribution of the CG sites for the CG model is equal to the
equilibrium coordinate distribution of the CG sites deter-
mined by the atomistic equilibrium coordinate distribution
and the map from the atomistic configuration space onto the
CG configuration space. The sufficient conditions for consis-
tency impose some mild restrictions on the definition of the
CG model and identify a formal prescription (i.e., the
MS-CG variational principle) for calculating the “potential
energy function” for a consistent CG model from the prop-
erties of the atomistic system. Paper I also showed that this
potential energy function is, in fact, the many-body potential
of mean force (PMF) governing the equilibrium distribution
of sites in the atomistic model. This many-body PMF is the
free energy surface upon which the probability distribution
for the CG sites is defined.

The framework developed in Paper I considered a CG
force field as a set of vector valued functions of the CG
configuration with each element of this set specifying a force
on a CG site. The space of all possible CG force fields de-
fines a vector space of CG force fields. The CG force field
determined by the many-body PMF and all possible approxi-
mations to this CG force field are vectors in this space. In
principle, a complete set of basis vectors spanning the space
of all possible CG force fields may be constructed. A particu-
lar set of coefficients for these basis vectors identifies a par-
ticular CG force field. These coefficients then play the role of
parameters for the CG force field and each vector in the basis
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set specifies how the force on each CG site depends on the
associated coefficient (parameter) as a function of the CG
configuration.

Paper I also proved that if both (1) the MS-CG varia-
tional calculation is performed using this imagined complete
set of force field basis vectors and (2) the sampled trajectory
provides an accurate approximation to a canonical ensemble
average, then the MS-CG variational calculation will deter-
mine the CG force field that is derived as gradients of the
many-body PMF. Performing this variational calculation
with a complete set of force field basis vectors is equivalent
to parametrizing a completely flexible many-body CG force
field.

In practice, though, this exact many-body CG interaction
potential cannot be either calculated or used in simulations.
Instead, CG force fields that are implemented in computer
simulations often assume additive intramolecular and inter-
molecular interactions, each involving two, three, or four
sites (see, e.g., Ref. 16 for a CG model with a more complex
interaction potential). The forces resulting from these inter-
actions may be represented by a finite set of basis vectors
that span a vector subspace of trial CG force fields. As a
consequence of the assumed form for the CG interaction po-
tential, the force field derived from the exact PMF will, in
general, not be an element of this subspace because the
many-body PMF cannot always be adequately represented
by sums of few-body terms. The companion paper defined a
distance metric for the space of CG force fields and demon-
strated that (in the limit of adequate sampling) the MS-CG
variational calculation determines the CG force field within a
given vector subspace of trial force fields that is closest to
the force field derived from the exact many-body PMF. In
this sense, the MS-CG variational principle determines an
“optimal approximation” of a particular form that is specified
by the interactions included in the CG force field to the exact
many-body PMF.

The present manuscript further develops this theory by
considering the application of the MS-CG variational prin-
ciple for determining CG force fields of complex molecular
systems. Section I A represents the CG force field as a linear
combination of force field basis vectors with coefficients that
serve as force field parameters. Section II B derives and ana-
lyzes the linear least squares problem for these parameters.
Section III provides numerical illustrations of this methodol-
ogy. Calculations for a one-site model of methanol highlight
the robustness of the MS-CG variational method by consid-
ering various basis sets, approximations, and numerical solv-
ers. Calculations for a multisite model of the EMIM*/NO3
ionic liquid demonstrate the power and flexibility of the
method in determining both bonded and nonbonded interac-
tions for a more complex molecular system. The methodol-
ogy described in Sec. II and the numerical illustrations pre-
sented in Sec. III are discussed in Sec. IV. Concluding
remarks and directions for future work are then provided in
Sec. V.

Il. COMPUTATION OF THE CG POTENTIAL

Paper I presents the basic theory of a CG model that is
consistent with an atomistic model. Paper I also shows how
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to construct a CG model that is consistent with a specific
atomistic model and how to employ the MS-CG variational
principle to determine the many-body PMF for the CG
model. As in Paper I, we consider CG models in which there
are no rigid intramolecular constraints. We also assume that
the CG model under consideration is to be constructed in a
way that satisfies the restrictions stated in Paper 1. Paper I
discussed a variety of choices that are possible in construct-
ing the CG model. Here, we restrict attention to a specific
subset of those choices that we believe may be particularly
useful. In particular, we assume that no atom is involved in
the definition of more than one CG site. The dj; coefficients
(see Paper I for more details) are then chosen so that the
atomistic force J; on site / is simply the unweighted sum of
the atomistic forces acting on the atoms involved in the defi-
nition of that site. We note in passing that if the CG site
masses are appropriately chosen, the equilibrium momenta
distribution of the CG model will be equal to the distribution
implied by the atomistic model and the relevant CG map-
ping. (See Paper I for more details about this and other con-
siderations in constructing a consistent CG model.) As a final
preliminary remark, we note that while in Paper I the sym-
bols U and F were reserved for the exact many-body PMF
and the force field derived from its gradients, in the present
work these symbols are used to represent the MS-CG poten-
tial and the associated MS-CG force field, which are approxi-
mations to the exact PMF and CG force field that are ob-
tained using the MS-CG variational principle.

A. Basis functions to represent the coarse-grained
potential

To implement the variational calculation discussed in Pa-
per L, it is necessary to construct basis functions for use in
constructing approximations to the CG potential. The nega-
tive of gradients of those basis functions with regard to the
CG site positions then are basis functions for the CG force
field.

To construct these basis functions, we regard the CG
potential as a sum of various types of contributions each of
which is analogous to one of the types of contributions used
to describe intramolecular and intermolecular interactions in
an atomistic model. The CG potential is regarded as a sum of
electrostatic interactions between pairs of charged sites, non-
bonded and bonded interactions between pairs of sites, bond
angle bending energies, and internal rotation energies. Then,
for each type of contribution (with the exception of the elec-
trostatic interactions), we construct flexible basis functions
that can represent the functional form appropriate for that
type of contribution. In effect, we use physical intuition to
decide on what contributions to include and how to represent
them, but the net result is a set of basis functions for the
variational calculation. Using this procedure generates CG
potentials that are of a form such that existing computer pro-
grams for atomistic models can straightforwardly be modi-
fied to perform simulations of the CG model. In this subsec-
tion, we discuss how this can be done for certain types of
contributions to the CG potential.

The first step is to classify the CG sites on the various
molecules according to their chemical nature and to deter-
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mine which sites are to be regarded as directly bonded. Then
a charge should be assigned to each site. Previous applica-
tions of the method have demonstrated that, for certain
syste:ms,36’41’42‘44 the effects of long-ranged electrostatic in-
teractions between atoms may be reproduced with short-
ranged nonbonded interactions between CG sites. In such
cases, each site can be assumed to have a zero charge. An
alternative is to assign each CG site a charge equal to the net
charge of the atoms involved in the definition of the site. In
any case, it is important, of course, that the total net charge
assigned to the sum of all the sites is zero. The Coulomb
contribution to the CG potential is

UORN =2 0,0/(4m& R, - R,
I1#J

), (1)

where R; denotes the position of CG site / and Q; is the
charge assigned to site / and the summation is over distinct
pairs of sites.

The various types of non-Coulombic interactions that are
easily included in the CG potential U(R") are the following:
(1) a bond vibration interaction for two bonded sites on the
same molecule, (2) an angle bending interaction for two
bonds formed by the same site to two other sites, (3) an
internal rotation interaction for a dihedral angle defined by
the positions of four sequentially bonded sites, and (4) a
pairwise nonbonded interaction for two sites on different
molecules as well as for sites on the same molecule that are
separated by more than three bonds. For simplicity, we as-
sume that a bond vibration interaction potential can be re-
garded a function of the scalar distance between the two
bonded sites. We assume that an angle bending interaction
potential can be regarded as a function of only the bond
angle. We further assume that an internal rotation interaction
can be regarded as a function of only the dihedral angle. We
also assume that a nonbonded interaction potential can be
regarded as a function of only the scalar distance between the
two sites. In each case, the functional form of the interaction
depends on the chemical nature of the sites. In all cases, the
interaction is expressed as a function of a scalar variable (a
distance or an angle), but the value of that variable is deter-
mined by the positions of two, three, or four sites, depending
on the type of interaction.

With these assumptions, the CG potential can be written
as

URY) = UORY) + X Unlx({R},)). (2)
giy

Here, ¢ denotes one of the four types of non-Coulombic con-
tribution listed above (e.g., a bond vibration energy), i de-
notes one of the functional forms for an interaction of type ¢
(e.g., the function appropriate for vibration of a bond of a
specific type on a specific type of molecule), y denotes a
specific set of sites that has an interaction of type { described
by the functional form i (e.g., a specific pair of such bonded
sites on a specific molecule), Xz denotes the scalar variable
for that interaction (e.g., the distance between the two
bonded sites), and {R}, denotes the positions of the set of
sites 7y (e.g., the positions of the two specific sites associated
with ). The sum is over all types of contributions £, all
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functional forms i that describe the type of interaction, and
over all sets of sites vy for which that functional form applies.
The function Ug(x) describes the dependence of the contri-
bution on the relevant scalar variable (e.g., the bond stretch-
ing energy as a function of bond distance). The function
x/{{R},) gives the scalar variable as a function of the rel-
evant site positions.
The corresponding CG forces are

F(RY) = FIORY) + 3 Pyl (R}) “ELE2, ({lf} Lo
Gy 1
where
F{i(x) == dUg,-(x)/dx. (4)

For each Uy, we construct a set of basis functions u,(x)
that are functions of only the scalar variable appropriate for
the interaction and represent the function as a linear combi-
nation of basis functions as follows:

Ug(x) = > Driatt gia(x). (5)
d
We define
fria(x) = = dugy(x)/dx. (6)
Then we have
Fy(x) = > biaf tia(x) s (7)
d
F/(RY;¢) = FIORY) + 2 $4G154RY), (®)
Lid
where
g g;d(RN) = 2 f gd(xg({R} ))ML (9)

I

Equation (8) explicitly demonstrates that the CG force field
depends linearly on the coefficients ¢ that are to be varia-
tionally determined. To simplify the following discussion, it
is convenient to replace the summation in Eq. (8) that runs
over each interaction type ¢, each functional form i describ-
ing the interaction type ¢, and each coefficient d employed in
representing the associated potential function U, with a
single summation over all Np coefficients in the CG force
field. The force on CG site 7 in configuration RY may then be
re-expressed as
Np

F/(RY;¢) =FORY) + X $pG.p(RY), (10)
D=1

where each value of the index D corresponds to one of the
possible combinations of the three indices {id in Eq. (8).
See Appendix A for a brief discussion of the basis func-
tions, fs4, used in the present work. The particular set of
basis functions employed for representing a given set of in-
teractions may play an important role in the success of the
method and is the subject of present research. See Appendix
B for a discussion of the vector valued functions g,;D(RN).
More complicated contributions, such as three-body non-
bonded interactions and bonded interactions that include in-
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teractions between bond stretches and bond angle variations,
can also be constructed but have not been used to date.

B. Linear equations for the MS-CG force field

For each D in Eq. (10), the set of N functions G,
={G.p(R"),...,Gy.p(R")} is a member of an abstract vec-
tor space of CG force fields defined in Paper I. Each of the N
elements of a generic member of that space is a function that
specifies a force on one of the N CG sites. The set of N
abstract vectors {G,, ... ,QND}, whose functions appear in
Eq. (10), forms a basis for a subspace of the abstract vector
space of CG force fields. A set of Np coefficients
{1, ... ,(;SND} then specifies a non-Coulombic contribution,
which is in this subspace, to the CG force field F that is
defined by Eq. (10). This set of Nj, basis vectors does not
span the complete space of all possible CG force fields. Con-
sequently, given this set of basis vectors, the CG force field
derived from the many-body PMF is, in general, not equal to
the sum of Coulombic and non-Coulombic contributions
expressed in Eq. (10).

As discussed in Paper I, the MS-CG variational principle
can be used to determine the CG force field that is in the
subspace just mentioned and that is the unique optimal ap-
proximation, within that subspace, for the force field derived
from the exact many-body PMF. In the present work, the CG
force field is defined by Eq. (10) and the MS-CG variational
principle is employed to determine the optimal approxima-
tion of this form to the many-body PMF. The parameters

{¢p.D=1,...,Np} that minimize the function
Xus(#) = X’[F ()]
N
-5y Shen-romeniar)
2
= N,El ,2 () - 2 bpG1.p(MR(r))
(12)
where
() = £,(r)) - FiOMR(x))), (13)

determine this optimal approximate CG force field, which we
shall refer to as the MS-CG force field. In Eq. (11), £,(r7) is
the total force on the atoms involved in the definition of CG
site / in configuration r; and the angular brackets denote an
average over the configurations sampled by an atomically
detailed MD simulation. As defined in Eq. (13), the quantity

T,(r;’) is the difference between the total force on the atoms

involved in the definition of site / and the electrostatic forces
on CG site [ in the CG representation of the same configu-
ration. (Note that one may also choose to include all interac-
tions, including Coulombic, in the total forces, resulting in
only the variationally determined CG interactions remaining
in the final MS-CG potential.) Equation (12) replaces the
time average in Eq. (11) with an explicit sum over the n,
sampled configurations r; and also expresses the MS-CG
force as an explicit function of the CG force field coefficients
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{¢p} according to Eq. (10). According to Eq. (11), the
MS-CG force field also provides the best fit, in a least
squares sense, among all CG force fields of this form, to the
chosen instantaneous atomistic forces on the CG sites when
averaged over sites and sampled conﬁgurations.36’37’50’Sl
Equation (12) demonstrates that the MS-CG force field
is determined by a linear least squares plroblemszf54 for the
force field parameters, {¢p}. There exist many numerical
methods for solving linear least squares problems of this
type.sz’56 In principle, all methods lead to the same solution.
However, in practice, the numerical accuracy and computa-
tional expense of various numerical methods may differ. Fur-
ther consideration of numerical methods for minimizing the
MS-CG residual is facilitated by re-expressing Eq. (12) in
explicit matrix notation. In the following,f' denotes a column
vector of 3n,N elements, where each element is a Cartesian
component of a vector describing a force on a particular CG
site, I, in a particular sampled atomistic configuration,
f,(r”) f,(r))-F C)(M (r?)). The quantity G, then is a simi-
lar column vector of 3nN elements, G, D(M (r)) for I
=1,...,Nand t=1,...,n, where each element is a Cartesian
component of the force on a CG site, 7, in a sampled con-
figuration, rf, generated by a basis function, D. The matrix
formed from Np columns, each of which is a vector G, for
D=1,...,Np, is a matrix, G, of 3n,N rows and N, columns.
The set of Nj, parameters forms a vector, ¢, the Dth element
of which is simply ¢p. In this notation, the MS-CG residual
may be expressed as

f-G¢9)'t-Gg¢). (14)

Xas(4) = =3t

where T denotes the vector/matrix transpose. Xﬁ,ls(d)) is a
quadratic function of the coefficients in ¢ that is bounded
from below by zero. If the set of N, vectors {Gp} is linearly
independent, then the matrix G is full rank and the minimum
of this quadratic form is unique. The following analysis will
assume that this is the case. However, it is demonstrated in
Sec. III that the MS-CG variational principle may also be
employed when G is not full rank. Appendix C further dis-
cusses this possibility.

The quadratic function expressed in Eq. (14) may be
minimized by various numerical methods that treat the ma-
trix of 3n,N row and N, columns, 9.52‘53 In particular, the
matrix G may be numerically analyzed using techniques
such as QR decomposition or singular value decomposition
(SVD).”*> The resulting matrix decomposition may then be
employed to determine the parameter set {¢p} that provides
the true minimum of Eq. (11). Alternatively, iterative tech-
niques involving G may be employed to minimize the
residual.”>*® However, in previous applications of the
MS-CG method, the matrix G has been too large to effi-
ciently treat with available computer memory and the CG
force field parameters {¢p} have been determined by mini-
mizing  xys  using a  block-averaging  (BA)
approximation.36’ To make such an approximation, the n,
configurations are partitioned into disjoint sets (blocks). A
residual of the form given in Eq. (12) is calculated and mini-
mized separately for each block to determine the parameters
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{¢p} associated with each block of data. For each D, the
average of ¢p over all blocks is calculated, and the results
give a set of {¢p} coefficients that approximately minimize
the total x? in Eq. (12). Further discussion of the BA approxi-
mation is provided in Appendix D.

The MS-CG residual may also be expressed in terms of
the normal (i.e., symmetric) matrix G of N rows and Nj
columns as follows:

Xus(®) = ¢'Gp— 20"+ 11T, (15)

where b=G'f and G=g'G. The elements of b and G are
given by

by= {3 G, M) - (e - FOMEE)) )

3N I=1 ‘
(16)
| N
Gop' =7y > GrpMR(I) - Grp(MR(X)) ), (17)
=1 t
for D,D'=1,...,Np. There exist various numerical tech-

niques for minimizing the MS-CG residual that address the
normal matrix G. The MS-CG force field parameters may be
determined by numerically minimizing the positive definite
quadratic function in Eq. (15) using standard iterative meth-
ods such as steepest descent or conjugate gradient methods
that involve iterative multiplication with the normal matrix
Q.S 3-56 Alternatively, the MS-CG force field may be deter-
mined by directly solving the normal system of N, equations
for Nj unknowns**>* obtained from finding the stationary

point satisfying &Xlz\qs/ﬂ(]ﬁD:O, for D=1,...,Np
Gp=b. (18)

This system of equations may be directly solved using stan-
dard methods such as Gaussian elimination or LU
decomposition.5 % For sufficient sampling (i.e., sufficiently
large n,), numerical methods that address the normal matrix,
G, of Np rows and N, columns require much less memory
than methods that treat the matrix, G, of 3n,N rows and Np
columns in Eq. (14). However, the condition number for the
normal matrix is the square of the condition number for the
nonsquare matrix 9.52’53 Consequently, numerical methods
that address the normal matrix G may be less accurate than
those that involve the matrix G. This issue may be partially
alleviated by appropriate preconditioning of G.’ >

lll. RESULTS

The previous section demonstrated that the MS-CG
method determines an optimal approximation to the many-
body PMF by numerically solving a linear least squares
problem for the CG force field parameters. The present sec-
tion illustrates this method for two liquid systems: methanol
and the 1-ethyl-3-methylimidazolium nitrate (EMIM*/NO3)
ionic liquid. By considering a one-site CG model for metha-
nol, various basis sets for the nonbonded force field and dif-
ferent methods for solving the MS-CG equations may be
directly compared. Calculations for the EMIM*/NOjJ ionic
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FIG. 1. The RDFs computed from simulations of the atomistic (dashed
curve) and MS-CG (solid curve) model of methanol are compared. The
difference between the two curves results from the use of basis functions
that describe the CG force field as a sum of pairwise additive terms. This
small difference indicates that the many-body PMF for the one-site CG
model of methanol is well represented by a sum of pair-additive interactions
between sites.

liquid system demonstrate the application of the MS-CG
method for determining a molecular CG force field. The
reader is referred to Refs. 36—45 for additional applications
of earlier versions of the MS-CG methodology.

A. MS-CG methanol model

An all-atom model of 1000 methanol molecules was
simulated for 1.0 ns with an integration timestep of 1.0 fs
using the DL_POLY software package.57 Interactions between
atoms were modeled using parameters from the OPLS-AA
force field™® and did not include rigid constraints. The simu-
lation was performed in the constant NVI ensemble in a
cubic box of V=(40.9 A)® under periodic boundary
conditions'* with the temperature 7=300 K maintained by
the Nose—Hoover thermostat.” % Long-ranged electrostatic
interactions were calculated using the Ewald method®' and
both the real-space contribution to the Ewald sum and the
short-ranged nonbonded interactions were truncated at
12.2 A. The coordinates, velocities, and forces for each atom
were recorded every 1.0 ps during the course of the trajec-
tory to obtain n,=1000 configurations.

A single CG site was assigned for each methanol mol-
ecule and the {c;;} coefficients were defined so that the coor-
dinates of each CG site correspond to the center of mass for
the associated methanol molecule. The CG mapping operator
defined in Eq. (9) of Paper I was applied to each configura-
tion sampled from the atomistic trajectory to generate n, CG
configurations. The radial distribution function (RDF) for the
CG sites was calculated from the mapped configurations and
is presented as the dashed curve in Fig. 1. The mass for each
site was defined as the total mass of the methanol molecule
and the momentum of each site was computed by mapping
the atomistic momenta according to Eq. (10) in Paper 1.4
The distribution of momenta for the sites was calculated and
is presented as the dashed curve in Fig. 2. The present map-
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FIG. 2. The distribution of the velocities of CG sites in the y direction
computed from MD simulations of the atomistic (dashed curve) and MS-CG
(solid curve) model of methanol.

ping is appropriate for developing a CG model that will be
consistent in phase space with the given atomistic model
according to the theory presented in Paper I.

For the one-site methanol model, the parameter Q;=0
for each CG site I because each methanol molecule has zero
net charge. The MS-CG interaction potential was therefore
defined by a sum of short-ranged nonbonded central pair
potentials, U;=Us, between identical CG sites. The pair
forces between CG sites were represented with either dis-
crete delta, linear spline, or cubic spline basis functions that
are defined in Appendix A. For each basis set, the pair force
was represented using a uniform grid with grid points sepa-
rated by 0.0529 A and the pair force was assumed to vanish
for intersite distances greater than 12.0 A. The set of basis
functions, {fs;(R)}, representing these pair forces, then deter-
mined the set of force field basis vectors, {Gp}, for a vector
subspace of trial CG force fields.

For each set of basis functions described in Appendix A,
the MS-CG force field was determined by minimizing the
residual using a biconjugate gradient algorithrnss’56 employ-
ing iterative vector-matrix multiplication with the matrix G.
Even for the present simple system of N=1000 molecules
and using sparse matrix techniques, the 3n,N by Np matrix
requires significant computational memory and iterative
minimization with G could not be efficiently performed us-
ing all n,=1000 sampled configurations. Consequently, the
BA solution was obtained by partitioning the set of n, con-
figurations into n®=100 disjoint sets (blocks) of n? =10 con-
figurations each, such that each block corresponded to ten
configurations sampled consecutively during the trajectory.
The biconjugate gradient algorithmss’56 was employed with
the matrix G® determined by the configurations in block B to
iteratively minimize the MS-CG residual function for each
block independently and the resulting 100 CG force func-
tions were averaged. Further discussion of the BA approxi-
mation is provided in Appendix C, where it is demonstrated
that the error in the BA approximation may be systematically
reduced by shuffling configurations between blocks.

Additionally, the MS-CG residual was iteratively mini-
mized using the same biconjugate gradient algorithmss’56
with the normal matrix G determined by each set of basis
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TABLE 1. Parameters describing calculations using various methods for minimizing the MS-CG residual
function to obtain the methanol CG pair force. The total number of parameters, Np, the magnitude of the
MS-CG residual, X%,,S, and the condition number (both before and after preconditioning) obtained from itera-
tively minimizing the residual using either the normal matrix (normal) or the nonsymmetric matrix with the
block-averaging (BA) approximation are presented for each basis set. The BA result for the cubic spline has
been presented for both 980 (b) and 1000 (c) configurations. Poor sampling of the core region in the 99th block
introduced statistical error into the BA calculation for the cubic spline basis set resulting in an abnormally high
magnitude residual. Every other variational calculation described in the table employed the same 1000 configu-
rations sampled from atomistic MD simulations of the methanol as discussed in the text. In each calculation
employing the BA approximation, these 1000 configurations were partitioned into 100 disjoint sets of 10
configurations each, the MS-CG variational calculation was performed with the configurations in the block, and

the resulting 100 calculated force curves were averaged.

Condition No.

2

Xms

System Basis Original Preconditioned Np (kcal mol~! A-1)2

BA Delta 210 21.1396

BA Linear 210 21.1031

BA Cubic 420 21.1238%24.9257°
Normal Delta 240 856 7.5521 210 21.1396
Normal Linear 3.1487 X 10° 12.344 210 21.0964
Normal Cubic 9.9103 X 10'* 27913 420 21.2624

“From 980 configurations.
°From 1000 configurations.
“Should be considered a lower bound.

functions. (In this application, the biconjugate gradient algo-
rithm is equivalent to a conjugate gradient algorithm.) For
each calculation with the normal matrix, G was
right-preconditi0ned54’56 so that the Euclidean norm of each
column in the processed matrix was rescaled to unity. Table I
presents estimates of the condition number for the normal
matrix both before and after preprocessing. Preconditioning
has a dramatic effect on the condition number (and thus the
convergence and accuracy of the solution) for the normal
equations. In each case, the condition number was estimated
by explicitly determining all of the singular values or eigen-
values for the relevant matrix using the SVD algorithm
implemented in the LAPACK library62 and calculating the
appropriate ratio.

Table I also presents the magnitude of the MS-CG re-
sidual function evaluated for the CG force fields calculated
using either the G or the G matrix to iteratively minimize the
residual function for each basis set. The CG force field cal-
culated by iteratively minimizing the MS-CG residual func-
tion using the biconjugate gradient algorithm with the nor-
mal matrix determined by the linear spline representation
yielded the smallest value for the residual function. The as-
sociated CG pair force is presented as the solid curve in the
inset of Fig. 3. It is clear that, upon preconditioning, the
normal matrix becomes sufficiently well conditioned to ob-
tain an accurate solution. The differences between the three
CG pair forces obtained by iteratively minimizing the
MS-CG residual function with the normal matrix in each
basis set are presented as the thin curves in the background
of Fig. 3. The differences between the CG pair force calcu-
lated by treating the normal matrix in the linear spline basis
and the CG pair forces calculated by treating G in each basis
are presented as the thick curves in the background of Fig. 3.
All of the calculated pair forces are very similar for intersite
separations greater than 3 A.

Two other independent calculations of the CG pair
forces were performed. The CG pair force was calculated
using LU decomposition to directly solve the normal system
of equations in the discrete delta function basis. Additionally,
the CG pair force was calculated by employing the BA ap-
proximation to minimize the MS-CG residual function via

F

Linear - Normal
~~~~~~~~~ Delta - Block-averaged
Delta - Normal

Linear - Block-averaged

------ Cubic - Block-averaged

~~~~~~ Cubic - Normal

8F (keal mol”’ A

R(A)

R (A)

FIG. 3. The inset presents the pair CG force calculated using the linear
spline basis and a conjugate gradient algorithm involving the normal matrix
to iteratively minimize the MS-CG residual. This force function provides the
most accurate approximation to the many-body PMF obtained in the present
calculations. See Table I. The main figure presents the difference between
this calculated force and force calculated in various other ways. “Normal”
refers to the use of the normal G matrix and a conjugate gradient algorithm,
whereas “block-averaged” refers to the use of nonsymmetric G matrix, a
biconjugate gradient algorithm, and the BA approximation. “Delta” refers to
the use of the delta function basis, “linear” refers to the use of the linear
spline basis, and “cubic” refers to the use of the cubic spline basis represen-
tation. All the calculations used approximately the same large number of
configurations and so all are subject to approximately the same statistical
error. The small differences among the curves for R>3 A demonstrate that
in this case the systematic error in the BA approximation is negligible for
the block size used and that the calculated CG force function is insensitive
to the basis set used and the algorithm used to minimize the residual.
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the biconjugate gradient method employing the G matrix de-
termined by the cubic spline basis, but with additional rows
added to the G# matrix for each block B. These additional
rows in the matrix are not required by the variational calcu-
lation. For each grid point, these equations (approximately)
ensure the continuity of the first derivative of the pair force
represented by the cubic spline basis.**’ Although not pre-
sented in Fig. 3, the CG pair forces obtained by these two
independent calculations are very similar to the pair forces
included in the figures and described above. These numerical
results along with those presented in Fig. 3 for the one-site
CG model of methanol indicate that the MS-CG variational
calculation is quite stable. The MS-CG force field is rela-
tively insensitive to the method used to minimize the residual
function as well as to the basis functions employed in repre-
senting the CG interactions. Furthermore, these results indi-
cate that the BA approximation does not introduce significant
systematic error into the calculation of the pair force field for
the one-site CG model of methanol.

As discussed in Appendix C, because each methanol
molecule generates an excluded volume, there is a “core re-
gion” of distances between the centers of methanol mol-
ecules, R<R.,., that is never sampled during the atomistic
MD simulations. Consequently, the force field parameters
describing the interaction between CG sites within this core
region cannot be determined from the atomistic simulations.
From Fig. 1, it can be seen that R ,.=~2.7 A. Moreover,
because of poor sampling near this core region, the pair po-
tential cannot be accurately calculated for R=R_.+¢€, for
some small positive € that depends both on the force data and
the basis set. Artifacts arising from the inadequate sampling
of the core region are easily recognized as anomalous spikes
or unphysical attractive wells in the pair force for small R.
These artifacts have been discarded from the results in Fig. 3.
The MS-CG force curves have been extended into the core
region by simply defining the pair force for R<R_,. to be
the maximum repulsive force for R= R, that has been un-
affected by sampling artifacts, as shown in the figures. In
practice, this approach introduces little error into the MS-CG
method because these small intersite distances are rarely
sampled in either atomistic or CG simulations and because it
is clear from Figs. 1 and 3 that e<0.2 A. Other interpola-
tions of the force curves into the unsampled core region are
clearly possible.

MD simulations of the CG one-site methanol model
were then performed using the CG pair force that was deter-
mined by solving the normal system of equations in the lin-
ear spline basis set and that has been presented in the inset of
Fig. 3. As shown in Fig. 3, the MS-CG force field parameters
near the core region were determined so that the magnitude
of the repulsive force in the core region was a constant with
magnitude equal to the largest force determined outside of
the core region, i.e., for R=R_,.+ JR, as discussed above.
After extending the CG pair force into the core region, the
CG pair force was then tabulated as a function of distance on
a finer grid of 0.005 29 A using the linear spline basis func-
tions. The associated pair potential energy function was also
tabulated as a function of distance on this finer grid by inte-
grating the linear basis functions. The resulting tables were
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Site E

Site A

Site D

FIG. 4. (Color online) The molecular structure of the EMIM*/NOj3 ion pair
is represented with five CG sites. CG sites A, B, C, and E describe the
cation, while site D describes the anion. The coordinates of each site are
defined by the center of mass coordinates for the atoms involved in the site.

provided as input into the DL_POLY software package,57
which further interpolated the pair force and pair potential
via a three-point interpolation scheme.

The CG one-site methanol model was then simulated for
2.0 ns in the constant NVT ensemble with an integration
timestep of 2.0 fs using the DL_POLY MD program.57 The
same volume and temperature were used in the CG simula-
tions as in the atomistic simulations and the Nose—Hoover
thermostat™® was used as before. Configurations and ve-
locities were sampled every 2.0 ps and the CG site-site RDF
and momenta distribution were computed from 1000
sampled phase space points. These CG distribution functions
are presented as the solid curves in Figs. 1 and 2. It is clear
that the MS-CG one-site methanol model determined from
the linear least squares problem described in Sec. II quanti-
tatively reproduces the pair structure of the liquid and repro-
duces the momentum distribution essentially exactly. The
agreement of the two momentum distributions is, of course, a
trivial consequence of the fact that both distributions are
Maxwell-Boltzmann distributions for the same mass and
temperature. Moreover, the agreement in Fig. 1 between the
RDFs computed for the atomistic and CG methanol models
demonstrates that the pair-additive potential employed in the
CG model provides an adequate approximation to the many-
body PMF for the one-site methanol model. Figures 1 and 2
together illustrate the concept of consistency in phase space
introduced in Paper 1.

B. MS-CG ionic liquid model

The molecular structure of the ionic liquid pair
EMIM*/NOj is presented in Fig. 4. Tonic liquids have dem-
onstrated great potential for industrial and other
applications.63  However, because of their complex and
glassy phase behavior, the physical properties of certain ionic
liquids cannot be adequately investigated with atomically de-
tailed models.* Consequently, the ionic liquid EMIM*/NO3
provides a good system to illustrate the capability of the
MS-CG method for developing consistent CG models of
complex molecular systems.
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TABLE II. Parameters describing the CG mapping for the ionic liquid sys-
tem. The coordinates for each site were defined by the center of mass coor-
dinates for the set of atoms involved in the definition of the site. The mass
and charge for each CG site were determined by summing the total masses
and charges for the atoms involved in each site.

CG site name Involved atoms Mass (amu) Charge (e)
A 1234591011 67.0740 +0.470 516
B 61213 14 15.0340 +0.219 052
C 71516 14.0260 +0.234 142
E 817 18 19 15.0340 +0.076 290
D Nitrate ion 62.0100 —1.000 000

An atomically detailed nonpolarizable model of 64 ion
pairs was simulated with the DL_POLY software package57 for
60 ns after equilibration using an integration timestep of
1.0 fs. The atomistic force field did not include rigid con-
straints and has been previously described in Refs. 65 and
66. The simulation was performed in the constant NVT en-
semble in a cubic cell with V=(25.0 A)> under periodic
boundary conditions."* The temperature 7=400 K was en-
forced with the Nose—Hoover thermostat®”® and the Ewald
method® was employed to calculate long-ranged electro-
static interactions, with both short-ranged nonbonded inter-

J. Chem. Phys. 128, 244115 (2008)

actions and the real-space contribution to the Ewald sum
truncated at 12.0 A. The atomic coordinates, velocities, and
forces were sampled from this trajectory every 1.0 ps to ob-
tain n,=6 X 10* configurations.

The CG mapping for the ionic liquid system represented
each cation with four distinct CG sites and each nitrate ion
with a single CG site as illustrated in Fig. 4 and described in
Table II. The two terminal methyl groups and also the meth-
ylene group of the cation were represented by single CG
sites, B, E, and C, respectively. The planar cationic ring was
represented with CG site A and the planar nitrate anion by
CG site D. This level of coarse-graining can be considered
fairly “aggressive.” The {c;} CG mapping coefficients de-
fined in Eq. (9) of Paper I were determined such that the
coordinates of each site correspond to the center of mass for
the atoms involved in the site. Every atom in the atomistic
model is involved in the definition of one and only one CG
site. The mapping was applied to the sampled configurations
to obtain n, CG configurations. RDFs, as well as bond-
stretch, bond-angle, and bond-dihedral distributions were
then calculated for the sites from these mapped CG configu-
rations. Selected distribution functions are presented as the
dashed curves in Figs. 5 and 6. The mass of each site was
defined as the total mass of the atoms involved in the site.
This CG mapping is sufficient to ensure that the CG model

V (deg)

FIG. 5. Bonded distribution functions calculated from MD simulations of the atomistic (dashed curve) and MS-CG (solid curve) model of the EMIM*/NO5
ion pair are presented for (a) the distribution of site A-C bond displacements, (b) the distribution of site B-A-C valence angles, and (c) the distribution of site

B-A-C-E dihedral angles.
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FIG. 6. Nonbonded RDFs calculated from atomistic (dashed curve) and CG (soli d curve) MD simulations of the EMIM*/NO3 ion pair are presented for the
distributions of (a) A-A site pairs, (b) A-D site pairs, (c) D-D site pairs, and (d) E-E site pairs.

will be consistent in configuration space with the atomistic
model of the ionic liquid system if the CG potential energy
function is equal to the many-body PMF for the atomically
detailed model.*® Moreover, the definitions of the CG site
masses and mapping coefficients are appropriate for devel-
oping a CG model that will be consistent in phase space with
the given atomistic model according to the theory presented
in Paper L.

The many-body PMF was approximated by the MS-CG
force field defined in Sec. II and included both nonbonded
and bonded interactions. A point charge, Q;, equal to the net
charge of the atoms involved in the CG site was assigned to
each site and the CG potential energy function included both
short-ranged pair potentials and long-ranged Coulombic po-
tentials for each pair of sites in distinct molecules. The CG
intramolecular potential describing the interactions among
the four sites within a single cation included the following
terms: (1) bond-stretch potentials describing the interactions
between pairs of bonded CG sites in the same cation, i.e.,
between E and C sites, between C and A sites, and between
A and B sites; (2) bond angle potentials describing the inter-
actions between E-C-A triples and between C-A-B triples in
the same cation; and (3) a dihedral-angle potential describing
the dihedral interaction between the E-C-A-B sites in the
same cation. In principle, the MS-CG force field for the ionic
liquid system might also include both short-ranged pair
forces and long-ranged Coulombic forces among the CG
sites within each cation. However, the version (2.14) of
DL_POLY employed in ensuing CG MD simulations treated

nonbonded interactions (i.e., short-ranged central pair inter-
actions and long-ranged Coulomb interactions) between
pairs of sites in the same molecule equivalently to non-
bonded interactions between sites in distinct molecules. Be-
cause the many-body PMF distinguishes between such types
of interactions, it is likely that this approximation might in-
troduce a significant error into the calculated MS-CG inter-
action potential. Consequently, these short-ranged non-
bonded and long-ranged electrostatic interactions among
sites within the same cation were not included in the MS-CG
potential energy function for the ionic liquid system.

Analytic functional forms were not assumed in the
MS-CG variational calculation of either the bonded or short-
ranged nonbonded CG force field. Rather, the short-ranged
nonbonded, bond-stretch, bond-angle, and bond-dihedral CG
potentials were represented with discrete delta function basis
functions of a single variable defined on a grid with uni-
formly spaced grid points as discussed in Appendix A. The
short-ranged nonbonded force functions and the bond-stretch
force functions were calculated as a function of intersite dis-
tance using a grid spacing of 0.04 A. The bond-angle and
bond-dihedral-angle force functions were calculated as a
function of the relevant angle using a grid spacing of 1.0°.
The assumed form of the CG potential and this set of basis
functions determined a vector space of trial CG force fields
spanned by the basis vectors {Gp} that are included in
Eq. (8) and discussed in Appendix B.

The coefficients defining the optimal approximation to
the many-body PMF within this vector space were deter-
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FIG. 7. Short-ranged nonbonded interactions in the MS-CG force field calculated for the ionic liquid system are presented for (a) A-A site pairs, (b) A-D site

pairs, (c) D-D site pairs, and (d) E-E site pairs.

mined by the MS-CG variational principle according to the
linear least squares problem derived in Sec. II. For each
sampled atomistic configuration, the atomistic force on each
site was calculated according to Eq. (41) in Paper I as the net
force on the atoms involved in the site. For each sampled
configuration, the electrostatic force on each site, I, arising
from the distribution of charged sites in each mapped CG
configuration, F;C)(Mf{(r;’)), was calculated and subtracted
from the total atomistic force on each site. The remaining
atomistic force, T',(r:’)=f,(r:l)—F§C)(Mﬁ(r:’)), was then em-
ployed in the MS-CG residual for parametrizing the remain-
ing force field terms in Eq. (8). The optimal MS-CG force
field within this space of trial CG force fields was deter-
mined using a conjugate gradient algorithm52’53 to iteratively
minimize the MS-CG residual in Eq. (18) using the normal
matrix Gppr. The matrix Gppr was not preconditioned and
after 3297 iterations the algorithm converged upon a solution
with a relative error smaller than 107!2 in the residual func-
tion and yas=163.02 (kcal mol~' A~1)%,

Selected force functions, F g,-(x), in the CG force field
that were parametrized by the MS-CG variational method are
presented in Figs. 7 and 8. The calculated short-ranged non-
bonded forces shown in Fig. 7 were smoothed using a Gauss-
ian function to average the calculated forces over a centered
window of nine consecutive data points. It is clear that these
calculated pair forces are not well represented by any obvi-
ous functional form, e.g., Lennard—Jones. As shown in Fig.
7, the calculated short-ranged nonbonded interactions are
mostly repulsive with weak attractive components. The at-
tractive short-ranged nonbonded interaction between the an-

ionic D CG sites is an exception to this trend. This interac-
tion does not result in unphysical attraction between the
anions, though, because it is overwhelmed at short intersite
separation by the strong electrostatic repulsion between the
anions.

In contrast, the calculated MS-CG bonded interactions
are surprisingly well fitted by simple analytic functional
forms. In particular, the calculated bond-stretch and bond-
angle (dashed curves) force functions reflect strong restoring
forces and are well described by harmonic forms (solid lines)
as illustrated for the A-C bond stretch in panel a and for the
B-A-C bond valence angle in panel b of Fig. 8. The force
field for the atomistic model of the ionic liquid system in-
volved 46 intramolecular dihedral-angle interactions among
the 19 atoms in each ionic liquid cation shown in Fig. 4.
Each of these dihedral-angle interactions in the atomistic
model was described by a force function® of the form
A sin(my— i) with m=2 or 3 as specified by the AMBER
force field.®” The CG potential includes only one intramo-
lecular dihedral interaction among the B-A-C-E sites and the
calculated bond-dihedral-angle force function (dashed curve)
is presented in panel c of Fig. 8. The calculated dihedral-
angle force function is significantly weaker and also slightly
more noisy than the other bonded interactions. However, it is
clear from Fig. 8(c) that the calculated MS-CG dihedral force
function is quite accurately described by the sine series (solid
curve), A, sin(y)+A, sin(2¢) +A; sin(3¢) +A, sin(44), using
parameters that are provided in Table III. This calculated
MS-CG dihedral force function has incorporated the effects
of both bonded and nonbonded interactions averaged over
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FIG. 8. The analytic functional forms (solid curves) approximating the calculated MS-CG bonded interactions (dashed curves) in CG MD simulations of the
EMIM*/NO; ion pair are presented for the (a) the A-C bond interaction, (b) the B-A-C valence angle interaction, and (c) the B-A-C-E dihedral angle

interaction.

the local atomistic environment so that the calculated CG
force field provides an optimal approximation to the many-
body PMF.

the calculated MS-CG force field using the DL_POLY software
package.57 Each tabulated short-ranged nonbonded interac-
tion was linearly extended into the core region such that

F(0)=Fg{(Roore+ 6)+230.6 kcal mol™' A~! and R+ 6 was
determined independently for each interaction form i as de-

MD simulations of the MS-CG model for the
EMIM*/NOJ3 ionic liquid system were then performed with

TABLE III. Parameters describing the bonded MS-CG force field for the ionic liquid system. The bonded
MS-CG interactions were determined without assuming any functional forms but were then approximately
represented by the analytic functions described above in CG MD simulations with the DL_POLY program (Ref.
57). The analytic functional form for each interaction and the parameters used in fitting the MS-CG interactions

are presented.

k I
Interaction type e CG sites Functional form (eV/A2) (A)
Bond stretch R; A-B Harmonic 17.6582 2.70472
A-C Harmonic 17.4053 2.69201
C-E Harmonic 22.8097 1.65874
(eV/rad?) (deg)
Valence angle 0; B-A-C Harmonic 13.7542 142.610
A-C-E Harmonic 5.4842 107.783
Dihedral angle 17 B-A-C-E
F()=A, sin(¢h)+A, sin(2¢h) + A sin(3¢)) + A, sin(4 )
A, (eV/rad) A, (eV/rad) A; (eV/rad) A, (eV/rad)
-0.019498 4 0.030 294 1 -0.0152295 0.016 448 3
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scribed for methanol. The resulting nonbonded interactions
were employed as input force field files for the MD program
without further smoothing, interpolation, or other modifica-
tion. In principle, the tabulated MS-CG bonded forces could
also be directly employed as a bonded force field for simu-
lations of the CG model. However, in the present work, the
tabulated bonded interactions were fitted to analytic func-
tional forms that have been implemented within the DL_POLY
software packa\ge.57 These approximate representations of
the bonded interactions determined by the MS-CG varia-
tional procedure were then employed as a bonded force field
for simulations of the CG ionic liquid model. As demon-
strated in Figs. 8(a) and 8(b), the bond-stretch and bond-
angle forces between CG sites were fitted to harmonic restor-
ing forces with parameters provided in Table III. As shown in
Fig. 8(c) and discussed above, the dihedral-angle force was
fitted to a sine series with parameters provided in Table III.
(The authors implemented this dihedral-angle force function
and the associated potential energy function into DL_POLY
version 2.14.)

The MS-CG model for the ionic liquid system was simu-
lated for 60.0 ns using an integration timestep of 4.0 fs in the
constant NVT ensemble under the same thermodynamic con-
ditions employed in the atomistic simulations, i.e., V
=(25.0 A)? and T=400 K. Long-ranged electrostatic interac-
tions between sites were computed using the Ewald method®!
and both the short-ranged nonbonded interactions and the
real-space contribution to the Ewald sum were truncated at
12.0 A. The temperature was maintained using the Nose—
Hoover thermostat.>>*® CG configurations were sampled
from the MD trajectory every 4.0 ps. Bonded and nonbonded
distribution functions were computed from these configura-
tions and compared with the distribution functions calculated
from the CG representation of the original atomistic trajec-
tory. The CG bonded and nonbonded distributions generated
by the MS-CG model are presented as the solid curves in
Figs. 5 and 6 and qualitatively reproduce the distributions
calculated from the CG representation of the atomically
detailed configurations.

As illustrated in panels a and b of Fig. 5, the distribu-
tions of bond lengths and bond angles are nearly quantita-
tively reproduced in the MS-CG model. Both the center and
the shape of the bond-length and bond-angle distributions
generated by the MS-CG model agree very well with the
distributions generated by the atomistic model. Panel ¢ of
Fig. 5 compares the dihedral-angle distribution sampled by
the atomistic and MS-CG ionic liquid models. In qualititative
agreement with the atomistic model, the MS-CG model gen-
erated a bimodal distribution of dihedral angles with minima
at 0 and *= 7. However, the agreement between the dihedral
distributions generated by the atomistic and CG ionic liquid
models is otherwise less satisfactory. The bimodal peaks of
the dihedral distribution generated by the MS-CG model are
too broad and not centered at the correct angle, while the
minimum of the distribution at =0 is sampled too fre-
quently. As discussed in greater detail below, it is likely that
the agreement between the atomistic and CG dihedral distri-
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butions would significantly improve if nonbonded interac-
tions between B and E CG sites in the same cation were
included in the CG potential.

The MS-CG model qualitatively reproduces the pair
structure of nonbonded sites in the ionic liquid system. The
positively charged ring of the amphiphilic ionic liquid cation
forms an interface with the nitrate ion that facilitates aggre-
gation of the hydrophobic cation alkyl tails.®*® The structure
of this interface and the associated hydrophobic aggregation
are described by the RDFs computed from simulations of the
atomistic (dashed curves) and CG (solid curves) models that
are presented in Fig. 6. As shown in panel a, the fine struc-
ture in the shoulder of the distribution for the cationic rings
is lost in the CG model because the planar cationic ring and
the planar nitrate anion have both been represented with
spherically symmetric sites, although the CG and atomistic
A-A RDFs agree quite well otherwise. The stacking of cat-
ionic rings with planar nitrate ions is described by the RDF
for the A-D sites presented in panel b. It can be seen that the
CG model reproduces the primary features of this interface
despite the spherical symmetry of the sites. Panel ¢ presents
the RDF for pairs of anions represented by D CG sites. The
planarity of the nitrate anions allows close approach between
anions in the atomistic model that is sterically unfavorable
for the spherical D CG sites. Similarly, the CG model also
overestimates the pair distribution at R=6 A. Finally, panel d
presents the E-E site RDF, which describes the aggregation
of cation alkyl tails. The MS-CG model nearly quantitatively
reproduces this hydrophobic association.

In summary, the MS-CG ionic liquid model reproduces
the equilibrium structure generated by the atomistic model
with semiquantitative accuracy. The results shown in Figs.
5(c) and 6(a) indicate that the selected set of force field basis
vectors is too restrictive to allow an approximation to the
exact many-body PMF that is sufficiently accurate to quan-
titatively reproduce the distribution of dihedral angles or the
pair distribution of planar cation rings. In particular, the re-
sults suggest that the bonded intramolecular force functions
used were not sufficiently flexible to describe the intramo-
lecular CG interactions. The MS-CG variational method has
also been employed to calculate a CG potential energy func-
tion that included contributions from Coulombic interactions
between B and E sites in the same cation. MD simulations of
the CG model were then performed using this reparametrized
and slightly more complex potential energy function. How-
ever, the agreement between the dihedral distributions
sampled by the atomistic and CG models was not signifi-
cantly improved. (Data not shown.) Paper I proved that,
given adequate sampling, the calculated MS-CG potential
energy function will become an increasingly accurate ap-
proximation to the exact many-body PMF as additional basis
vectors are included in the MS-CG variational calculation.
Consequently, in order to reproduce the atomistic dihedral
distribution, the CG potential energy function should be ex-
tended to either include more complex bonded potential
functions or contributions from non-Coulombic nonbonded
interactions between B and E sites in the same cation. The
effect of more complex potentials may be further investi-
gated in future work. Nevertheless, Fig. 5 demonstrates that,
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despite the relatively restrictive set of basis vectors included
in the present CG potential, the present MS-CG approxima-
tion to the many-body PMF is sufficiently accurate to repro-
duce the intramolecular bond-stretch and bond-angle distri-
butions with nearly quantitative accuracy. Moreover, the
RDFs shown in Fig. 6 demonstrate that the present MS-CG
model also reproduces the primary features of the interfacial
structure and hydrophobic aggregation of the ionic liquid
system.

IV. DISCUSSION

The present work applies the MS-CG theory described in
Paper I to develop molecular CG models. The MS-CG varia-
tional principle has been employed to systematically param-
etrize both pair bonded and nonbonded interactions as well
as bond-angle and dihedral-angle interactions involving three
and four CG sites, respectively. Quite generally, this varia-
tional principle may be employed to parametrize interactions
of arbitrary form between any number of sites. Each contri-
bution to the CG force field has been represented with a
linear combination of vector valued functions with constant
coefficients that serve as force field parameters. For each D,
the set of vector-valued functions {G,. p(RM)} defines a con-
tribution to the total force on each site in any configuration,
R", and the coefficient associated with this set, ¢, deter-
mines the magnitude of this contribution. These vector val-
ued functions then form a basis spanning a vector space of
trial CG force fields. The MS-CG force field is determined
by finding the set of coefficients {¢p} that minimize the
MS-CG residual function among all CG force fields within
this vector space. Assuming that the atomistic trajectory data
provide an accurate surrogate for an exact ensemble average,
this MS-CG force field is the closest approximation to the
exact many-body PMF within the vector space of force fields
defined by the given basis set. The resulting MS-CG force
field then provides the optimal “match” to the atomistic force
field for the sampled atomistic configurations, f;(r}).

As demonstrated in Sec. II B, the set of parameters de-
termining this optimal approximation is obtained by numeri-
cally solving a linear least squares problem.52’53’55’56 This
linear least squares problem may be solved by algorithms
such as conjugate gradient minimization that iteratively
minimize the MS-CG residual function itself, by algorithms
such as Gaussian elimination that directly solve the normal
equations for the stationary point of the residual, and also by
algorithms such as SVD that decompose the nonsymmetric
matrix, G. Methods that address the nonsymmetric matrix,
G, are expected to be more accurate but also more compu-
tationally expensive than methods that address the normal
matrix, Q.52’53 In previous applications, the computational
expense of treating G has been circumvented via a BA
approximz:1tion.36_42’44 ‘The present calculations numerically
validated this BA approximation for a methanol system.

Alternatively, the MS-CG force field may be determined
by solving the associated set of normal equations.‘ls’53 The
normal system of equations provide considerable insight into
the MS-CG method because these equations are expressed in
terms of correlation functions calculated from the CG repre-
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sentation of configurations sampled with the atomistic
model.*® As shown in Eq. (E1) in Appendix E, the quantity
bp quantifies the correlation between the atomistic force

field (more precisely, the part of the atomistic force field, 1,
that is different from the CG electrostatic force field) and the
force field basis vector, G, associated with the parameter
¢pr. In fact, by, is the projection of this force field onto the
particular CG force field basis vector. However, because the
N, basis vectors, {Gp}, representing the CG force field de-
scribe correlated molecular interactions, this basis set is, in
general, not orthonormal. The off-diagonal elements in Gpp/
quantify the nonorthogonality of the basis vectors associated
with distinct force field parameters ¢, and ¢p:. The MS-CG
method thus constructs an effective CG force field by con-
sidering the correlations between different types of CG inter-
actions calculated from the CG representation of sampled
atomistic configurations. For systems governed by central
pair potentials, the normal MS-CG equations are related to
the well known Yvon—Born—Green equation70 and determine
the CG pair interaction from knowledge of two- and three-
body correlation functions.”® For more complex molecular
systems with bonded and nonbonded interactions, the present
analysis demonstrates that the MS-CG method considers not
only two- and three-body correlations between nonbonded
sites, but also correlations between different bonded interac-
tions, as well as correlations between bonded and nonbonded
interactions in the CG force field. By considering these com-
plex many-body correlations, the MS-CG procedure projects
the atomistic force field into the vector space of CG force
fields spanned by a given set of basis vectors and, in the limit
of adequate sampling, determines the optimal approximation
to the CG PMF within this vector space.

The MS-CG variational principle provides considerable
flexibility for the method. Rather than relying on assumed
analytic functional forms for CG interactions, interactions
may be represented by flexible sets of basis functions. If it is
known a priori that certain interactions between CG sites are
well represented by a particular functional form, then the
MS-CG method may instead be employed to determine the
optimal parametrization for this form. For instance, if it is
known that a particular pair of sites is harmonically bonded,
then the variational calculation can determine both the force
constant and equilibrium displacement that provide the opti-
mal approximation for the many-body PMF. However, func-
tional forms that provide a good representation of interac-
tions between atomic particles may not necessarily provide a
good description of the interactions between CG sites. Fur-
thermore, this variational principle also ensures that the
MS-CG approximation to the many-body CG PMF may be
systematically improved by expanding the space of trial CG
force fields, for example, by introducing anisotropic,m’ﬂ’72
thref:-body,l6’34 or density-dependent nonbonded
interactions.”®

V. CONCLUDING REMARKS

The MS-CG method*®*’ recently introduced by Izvekov
and Voth determines an effective interaction potential for CG
models through a statistical force-matching procedure that is
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founded on a systematic variational principle.%’48 The com-

panion paper described a general statistical mechanical
framework for the MS-CG method.*® Tn particular, it was
proven that, if no approximations are introduced in either the
representation of the CG force field or in the statistical sam-
pling of the atomistic configuration space, the MS-CG
method calculates gradients of the exact many-body PMF for
the CG sites determined by an underlying atomistic model.
The resulting MS-CG model will then be consistent with the
atomically detailed model according to the definition devel-
oped in Paper I. However, no less significantly, this analysis
also proved that, given a vector space of trial (i.e., approxi-
mate) CG force fields, the MS-CG method determines the
unique force field that is closest to the exact many-body CG
PMF, assuming that the atomistic configuration space has
been adequately sampled.

The present work also extends the analysis introduced in
Paper I for molecular CG force fields. Both bonded and non-
bonded interactions may be systematically parametrized ac-
cording to the present theory. Rather than relying on particu-
lar analytic functional forms, the MS-CG method can
employ a flexible set of basis functions for representing CG
interactions.*®’ As long as these interactions are represented
by a linear combination of basis functions, the force field
parameters providing the optimal approximation to the CG
PMF may be determined by solving a linear least squares
problem. This linear least squares problem explicitly consid-
ers many-body correlations between different interactions in
the CG force field* and projects the atomistic force field
onto the specified set of force field basis vectors. Numerical
calculations for a one-site methanol model and a multisite
ionic liquid model demonstrate that the MS-CG method can
be highly robust, flexible, and accurate.

The combination of theory46’48 and numerical
results®® 473 presented in this and previous work clearly es-
tablishes the MS-CG method®**"*"7* as a systematic com-
putational method with rigorous statistical mechanical foun-
dations. However, a number of directions for future work are
suggested by the present analysis. Because the method relies
on accurate sampling of the atomistic configuration space,
future work may incorporate statistical inference techniques
to optimize the MS-CG force field determined from limited
sampling. Similarly, because the MS-CG method obtains an
optimal approximation to the many-body PMF that is clearly
dependent on thermodynamic condition, future work will
seek to develop the principles for transferring force fields to
other thermodynamic conditions and to extend the method
beyond the canonical ensemble. Finally, future research will
also investigate the systematic introduction of basis vectors
for multisite nonbonded interactions between CG sites.
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APPENDIX A: BASIS FUNCTIONS FOR CG
INTERACTIONS

In the present work, the non-Coulombic contribution to
the MS-CG potential has been decomposed into bonded and
nonbonded interactions between sites. Each non-Coulombic
term in the CG potential energy function, Uy, is a function of
a single collective variable, Xg which may describe the dis-
tance between a pair of nonbonded CG sites, R;;=|R,~R],
the displacement of a particular bond, R;, the valence bond
angle between three bonded CG sites, 6, or the dihedral
angle defined by four bonded CG sites, ;. In each case, a
generalized force on the collective variable x,, F(x), may be
represented by a set of basis functions of a single variable,

{fgid(x)},

d
Fy(x) =— EUQ'(X) = biaf tia(x) s
d

(A1)

where the coefficients of these basis functions, ¢y, are de-
termined through the MS-CG linear least squares problem
discussed in Sec. II B and the summation over d in Eq. (A1)
includes all basis functions f;;; used to represent the force
Fy. In the present work, basis functions are employed to
represent each interaction on a mesh of N equally spaced
grid points {x;4}={xz+(d-1)A for d=1,... ,Ns}. The
grid spacing, Ay, may be chosen independently for each in-
teraction type ¢ and form i and the method may be readily
generalized for grids with nonuniform spacing. For each type
of interaction, appropriate boundary conditions must be en-
forced for the basis functions describing the interactions at
the first (i.e., x) and last (i.e., xiiNgi) grid points. In particu-
lar, for valence angle potentials, X;= 6 ranges from O to r; for
dihedral-angle potentials, x,= ¢ ranges from —r to 7; and in
each case the periodicity of the potential must be enforced.
In the present work, three particular types of basis func-
tions have been employed for representing interactions in the
MS-CG potential. The simplest basis set is defined by a set
of N discrete delta functions that are defined as follows:

S §id(x) = J4(x)
{1, Xga— 1204 <x < xgq+ 11284
0 otherwise.
(A2)

In the discrete delta function basis, the magnitude of the
generalized force is assumed constant, Fg(x)=Fg(xz,)
=dyiq» in the range xgid—%A§[<x$xgid+%Agi around each
grid point, x;;,. When the discrete delta basis is used to rep-
resent a force, the result of the variational calculation is a
force function that is constant within the interval about each
grid point, with jump discontinuities at the boundaries be-
tween these intervals.
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The force F; may be linearly interpolated between grid
points by using a set of N linear spline basis functions as
follows:

Bd—l(x), Xzi(d-1) <x = X¢ia
Friax) = () = Ayx), Xgig < X =< Xgiae)
0 otherwise,
(A3)
where
Xii(d+1) =X
Ad(-x) =1- Bd(x) =, (A4)
Xgi(d+1) = Xgid
X = Xid
By(x)=1-Ayx)= —— (A5)

Xfi(d+1) _xgid.

As for the discrete delta basis, one linear spline basis func-
tion is associated with each grid point and the associated
coefficient corresponds to the magnitude of the force at the
given grid point. When the linear spline basis is used to
represent a force, the result of the variational calculation is a
force function that is linear within each interval between grid
points. The derivative of the force is discontinuous at each
grid point.

The force functions may also be represented by a linear
combination of piecewise continuous cubic polynomials.52
This cubic spline basis set employs two types of basis func-
tions to represent the force field at each grid point and re-
quires 2N;; parameters as follows:

Fy(x) = 2 dgaf iax)
d

Ny
= 2 [d’gi(zd—l)ﬂd(x) + ¢gi(2d)#d(x)], (A6)
d=1
where 7,(x) is defined in Eq. (A3) and
Dy (%), Xg@-1) < XS Xgg
ma(x) =1 Cylx), Xgid < X = Xgi(den) (A7)
0 otherwise

is defined in terms of A,(x) and B,(x) defined in Egs. (A4)
and (A5) through

C,x)= é(Af}(X) = Ag()) Xgigasn) — Xgia) (A8)

D (x) = é(BZ(X) = B4(x)) (Xgi(as1) — Xzia) - (A9)

When the cubic spline basis is used to represent a force, the
result of the variational calculation is a force function that is
a cubic polynomial function within each interval. The deriva-
tive of the force is discontinuous at each grid point.

In the cubic spline basis, half of the coefficients corre-
spond to the magnitude of the generalized force at a given
grid point, ¢s04-1y=F(xz4), while the remaining coeffi-
cients correspond to the limit of the second derivative of the
force at the grid point: ¢§,-(2d)=limx_,xﬁd d?F ;i(x)/dx*. In Egs.
(A2)—(A9), the functions 8, 1y mg» Ag By Cy and Dy de-
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pend on the particular interaction, {i, only through the defi-
nition of the mesh points and this dependency has been sup-
pressed above.

APPENDIX B: BASIS VECTORS FOR CG FORCE
FIELDS

In Sec. II, the CG potential was defined as

URY) =U'IRY) + 2 Us(x/{R},), (B1)
iy

in which U'©) corresponds to long-ranged Coulomb interac-
tions between pairs of CG sites and Uy indicates the contri-
bution to the CG potential from an interaction of type { that
is described by a functional form i and that involves the set
of CG sites . The potential Uy; is a function of a single
variable x, that is itself a function of the coordinates, {R},,
for the sites in the given set y. Aside from long-ranged Cou-
lomb interactions, the present work considers potential con-
tributions arising from short-ranged nonbonded interactions
(¢{=S) between pairs of sites, bond-stretch interactions
({=R) between pairs of bonded sites, bond-angle interactions
({=0) between triples of bonded sites, and bond-dihedral-
angle interactions ({=1) between quadruples of bonded CG
sites.

Short-ranged nonbonded interactions ({=S) are treated
by classifying the N CG sites into N distinct “types” of sites
such that all sites of a given type are chemically equivalent.
The combination of indices Si then identifies a particular pair
of types of sites and the potentials governing the short-
ranged nonbonded interactions between all pairs of sites that
are of the types specified by Si have the same functional
form. The combination Si7y then identifies a particular pair of
sites {J,K} that are of the types specified by Si. The short-
ranged nonbonded interaction between the pair of sites speci-
fied by Siy, i.e., {J,K}, is then governed by the potential
function Uy=Uyg; that is a function of the intersite distance

x/({R},) = xs(R;,Rg) = [R; = Rg]. (B2)

The CG force field included contributions from bond-
stretch potentials ({=R) describing the interaction between
pairs of bonded CG sites. Two CG sites within a given mol-
ecule are considered to be bonded if at least one atom in-
volved in one of the two sites is bonded to an atom that is
involved in the second site. The bonds included in the CG
potential are then categorized into distinct types so that all
bonds of type i are chemically equivalent. The combination
Riy then identifies a particular pair of CG sites y={J, K} that
are connected by a bond of type i. The bond-stretch interac-
tion between any pair of bonded sites 7y identified by Riy is
then governed by the potential energy function U= Uy, that
is a function of the bond length

xp(R;,Rg) = |RJ - RK|~ (B3)

The CG potential also included contributions from bond-
angle ({=0) interactions between triples of CG sites that are
connected by two bonds and bond-dihedral-angle ({=) in-
teractions between quadruples of CG sites that are connected
by three consecutive bonds. The bond-angle and bond-
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dihedral-angle interactions, i.e., {=6 or (=, may be simi-
larly categorized into types of equivalent interactions labeled
(i and each bond-angle or dihedral-angle interaction of a
particular type (i is described by a potential function of the
same form. The combination iy identifies a particular triple
of bonded CG sites, y={J,K,L}, or quadruple of bonded CG
sites, y={J,K,L,M}, that are involved in a particular type of
interaction ¢ of form i for bond-angle ({=#6) and bond-
dihedral-angle ({=) interactions, respectively. In the
present work, the potential contributions for both of these
interactions, Uy, are functions of a single variable. Bond-
angle potentials Uy, are functions of the bond angle, x,=x,,
formed by three bonded sites,

xR, R, Rp) = arccos(liJK . ﬁLK), (B4)

where y={J,K,L} is a set of three sites such that sites J and

L are bonded to site K and Ry is the unit vector R/ |[R ]
where R;x=R;—Rg. Dihedral-angle potentials U, are func-
tions of the dihedral angle, x;=x,, formed by the two planes
defined by the coordinates of sites {J,K,L} and {K,L,M} as
follows:

xy(R;,Rg, R, Ry ) = arccos(fgy, - iggp) s (BS)
where fi;x; =(R,x X R, ¢)/|R x X R ] is the unit normal vec-
tor to the plane defined by the Cartesian coordinates of sites
J, K, and L.

Employing the definitions in Egs. (B2)—(B5) and Eq. (9),
the total force in Eq. (10) may be expanded to explicitly
identify the contributions from each type of interaction as
follows:

F/(RY;¢) =FORY) + > > bs5iaGr.sia(R")
i d
+ E E ¢Ridgl;Rid(RN)
i d
+ 2> b0 1.0aRY)
i d

+2 > GyiaGryidRY). (B6)
i d

In the right hand expression of Eq. (B6), the second term
identifies the contributions from short-ranged nonbonded in-
teractions and the associated summation over i ranges over
all pairs of site types, the third term identifies the contribu-
tions from bond-stretch interactions and the associated sum-
mation over i ranges over all bond types, the fourth term
identifies the contributions from bond-angle interactions and
the associated summation over i ranges over all bond-angle
types, and the fifth term identifies the contributions from
bond-dihedral-angle interactions and the associated summa-
tion over i ranges over all bond-dihedral-angle types. Addi-
tional and more complex interactions may be introduced into
the CG force field by defining appropriate basis functions f;y
and associated force field basis vectors, Gy
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APPENDIX C: VARIATIONAL CALCULATIONS GIVEN
INADEQUATE SAMPLING

As discussed in Sec. II B, the MS-CG force field param-
eters are uniquely determined by a linear least squares prob-
lem when the matrix G is full rank and, consequently, the
associated normal matrix G is full rank and positive definite.
In practice, though, the given atomistic trajectory data may
provide insufficient sampling to uniquely determine all of the
force field parameters. In particular, if in Eq. (12) there exists
some parameter ¢ for which G,.;,,(Mg(r/))=0 for all sites
I in all sampled atomistic configurations rf, then all of the
elements of the corresponding vector Gp are zero, and the
matrix G in Eq. (14) is not full rank. In this case, )(ﬁ,ls(q')) is
independent of ¢, and this parameter cannot be determined
from minimizing the MS-CG residual. This case may arise
when the coefficient, ¢, corresponds to a force field param-
eter that is only relevant for the CG force in configurations
that have not been sampled. For instance, because the atoms
involved in CG sites typically generate a potential energy
that is very large for small separation between the two sites,
the atomistic representation of each CG site generates an
excluded volume or core region. Consequently, the atomistic
trajectory rarely samples configurations in which two sites
are separated by a sufficiently small distance that the two
sites interpenetrate into this excluded volume region. Be-
cause these small intersite distances are only infrequently
sampled, the force field parameters describing the non-
bonded forces at such short distances may not be uniquely
determined when the data set of atomic configurations used
in the variational calculation is too small. As illustrated in
Sec. III, this situation may be addressed when necessary. The
present appendix further considers this situation in somewhat
more detail.

If the variational problem in Sec. II B is to be solved
using a method that addresses the normal matrix G, it is
clearly preferable that G is full rank.

o If this is not the case, it is often possible to modify the
basis set so that G is full rank by either deleting basis
functions (e.g., basis functions corresponding to very
small intersite separation that have not been sampled) or
using a coarser set of mesh points for constructing the
force basis functions f;;, of the scalar x; and/or obtain-
ing more simulation data.

o If this modification is not performed, then some of the
coefficients are not uniquely determined by the calcula-
tion. (See below for further discussion.)

If the variational problem is to be solved using a method that
deals with G and uses BA, it is preferable that the G# matrix
be full rank for each block B.

« If this is not the case, it may be possible to partition the
data set into blocks in a different way and/or to modify
the basis set so that G is full rank in each block.

e If this modification is not performed, then some blocks
will give undetermined values for some of the coeffi-
cients. The contribution of a block to a coefficient that
is not determined by the block should be omitted from
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the calculation of the average over blocks.

In practice, given reasonable sampling of the atomistic
configuration space, problems associated with G or G matri-
ces that are not full rank lead to anomalous results for the
calculated CG potential only for configurations that have
small population at equilibrium, e.g., for small separation of
repulsive particles. Even if the matrices are full rank, there
may not be enough data to determine some of the coeffi-
cients accurately, and this too can lead to anomalous results
for the CG potential in these configurations. In either situa-
tion, the procedure discussed and employed in Sec. III can be
applied to obtain adequate representations of the CG
potential.

APPENDIX D: BLOCK-AVERAGING APPROXIMATION

As discussed in Sec. II B, the MS-CG force field de-
scribing the interaction between N CG sites may be deter-
mined from 7, atomistic configurations by minimizing the
MS-CG residual. This residual may be minimized by meth-
ods such as iterative biconjugate gradient minimization, QR
decomposition, or SVD,SZ’SS’56 which involve the matrix G of
3n,N rows and Nj, columns. Methods that treat G may allow
a more accurate and stable solution than methods such as
iterative conjugate gradient minimization, steepest descents,
direct Gaussian elimination, or LU decomposition that in-
volve the normal matrix G of N rows and Nj columns
defined in Eq. (18) because cond G=(cond 9)2.53 However,
for a complex system, the MS-CG method may require sig-
nificant sampling of the atomistic configuration space to de-
termine an effective CG force field and, for sufficiently large
n,, methods that manipulate the matrix G may require more
computational memory than is available. In this case, the
MS-CG force field parameters may be approximately deter-
mined by the BA procedure36’37 described below. The analy-
sis in this appendix assumes that the matrix G is full rank in
each block. Appendix C discusses the case that G is not full
rank in one or more blocks.

The n, sampled atomistic configurations are partitioned
into ny disjoint sets (blocks) of nf configurations each. Any
time-averaged quantity may be expressed as an average over
blocks as follows:

(A(r)), = EA(r”)— > ( ><A( g, (D1)
tt— B=1
where
(A))! = E A(r}) (D2)

t 1p=1
and r:‘B is the rth atomistic configuration in block B. The rows

of the matrix G and the Vector}:' in Eq. (14) that are associ-

ated with each block then define a matrix 93 and a vector ?B
for each block B. The MS-CG residual function may then be
decomposed over blocks as follows:

g B
Xors(#) = E ( )xMSBw»

(D3)
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1 ~ ~
BN(EB -gP ) (f* - (D4)

t

Xusp(h) = 3 G%¢)

= 2 GDD'¢D¢D’_2E by, ¢D+XMsB(O) (D5)

D,D'=1

where bg and Gg ¢ are correlation functions defined by Egs.
(16) and (17), respectively, with the averages restricted to
configurations partitioned into block B according to Eq.
(D1). For each block, B, an optimal set of force field param-
eters, {¢p}, may be determined by minimizing szvrsB(d’) For
an appropriate choice of n , the matrix G# may be full rank
so that the set of parameters determining the minimum of the
residual for each block, XMSB’ is unique, while the matrix QB
remains sufficiently small that it may be stored in memory
and readily addressed, e.g., by biconjugate gradient
methods.”*”>*° The set of force field parameters determined
for each block B may then be averaged over the ny blocks to
determine an approximation to the true solution of the linear
least squares problem for all n, configurations as follows:

ng B
BA—E< >¢D~ ,

B=1

(D6)

where {(ZJI\DAS} is the set of parameters determining the true
minimum of the MS-CG residual.

The difference between the parameters determining the
true minimum and the BA approximation, {¢b}, may be
analytically computed as follows:

Np
IL\)/IS_ LB)A= E (g_l)DD’<(5=G35_¢B)D'>B» (D7)
D'=1
where
ng nB Np
(orata=3 ()3 achyoat. o
B=1 \ M/ iy
with
Sy = — dp (D9)
8Go  =Go .~ Gppr, (D10)

and Gpp =318 (n® /n,)GDD, Equation (D7) expresses the er-
ror in the BA approximation in terms of a cross-correlation
function that describes the correlation of the fluctuations be-
tween blocks in the residual curvature, 5G8 DD’ with the fluc-
tuations between blocks in the force field parameters, 5¢g.
Importantly, this cross-correlation function may be directly
calculated without knowledge of the true minima of the re-
sidual, {¢%AS}. However, the error in the BA approximation,

%[S— ?)A, cannot be determined without inverting Gppr,
which is paramount to directly solving the normal system of
equations for all n, configurations. Nevertheless, it is clear
from Egs. (D7)-(D10) that the BA approximation is exact
when fluctuations between blocks in the curvature of the
residual are statistically uncorrelated with fluctuations in the
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force field parameters, ie., ((8G*8¢)p)=0, for all D
=1,...,Np.

In the present methanol calculations, configurations were
assigned to blocks by sequential time ordering, i.e., the first
ten configurations were assigned to the first block, the sec-
ond ten configurations were assigned to the second block,
etc. For this simple system, the numerical results of Fig. 3
indicate that the BA approximation does not introduce sys-
tematic error into the MS-CG force field. For more complex
systems that undergo significant structural transitions on
long-time scales, though, such a simple sequential partition-
ing of blocks may lead to systematic errors in the BA ap-
proximation if different blocks sample distinct regions of
configuration space. However, the analysis above suggests
that the BA approximation may be systematically improved
by shuffling configurations between blocks to reduce the
magnitude of the cross-correlation function, ((8G”8¢")p)s
for all D.

APPENDIX E: MANY-BODY CORRELATIONS IN THE
MS-CG METHOD

The normal MS-CG equations presented in Eq. (18)
have been expressed in terms of correlation functions com-
puted from atomistic MD simulations. These equations
clearly indicate that the MS-CG method explicitly incorpo-
rates information regarding many-body correlations to deter-
mine an optimal approximation to the many-body PMFE.*
The quantity b, defined in Eq. (16) is the projection of the
atomistic force field (minus the CG force resulting from elec-
trostatic interactions) onto the force field basis vector G,
associated with the Dth force field parameter. If the force
field basis vectors formed an orthonormal set, then Gpp,
=0ppr and ¢p=bp. However, the force field basis vectors
correspond to correlated molecular interactions and are not
orthogonal. Consequently, the off-diagonal elements of the
matrix, Gppr, play a critical role in accounting for this non-
orthogonality among the basis vectors by incorporating in-
formation regarding these many-body correlations. In par-

tiCulaI, if ¢Dl=¢§id and ¢D2= d’é’i’d" then

1

N
3N z Gr.saMR(x7)) - F(rf) (E1)

t

bD] =bsg=

quantifies the correlation in the sampled atomistic configura-
tions between the part of the atomistic force field, T,(r:’), that
is not captured by the CG Coulombic force field and the CG
force field basis vector, G, corresponding to the dth force
field parameter for the ith functional form describing CG
interaction type {, where i corresponds to a particular type
of nonbonded, bond-stretch, bond-angle, or dihedral-angle
interaction. Similarly, the quantity

Gp,p, = Gliapirar
N
1
=3N > gl;{id(Mll\l](r:L)) . gl;{’i’d’(Mil\l](r:l))
=1

t

(E2)

quantifies the correlation in the sampled atomistic configura-
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tions between the CG force field basis vectors G, and
Grirqr that are associated with the types of interactions, {i
and {'i’, in the CG force field. The normal MS-CG equations
in Eq. (18) may be expressed as

N
2 (6(r)) = F,(MR(r)); ) - G.p(MR(r})) ) =0,
I=1

1

(E3)

for all D=1,...,Np. According to Eq. (E3), the MS-CG
force field, F, captures the part of the total atomistic force
field that is correlated in the sampled configuration space
with the basis vectors included in defining the CG force field,
i.e., the MS-CG force field is the projection of the sampled
atomistic force field into the space of CG force fields
spanned by the set of CG force field basis vectors, {Gp}, that
have been included in Eq. (10). Furthermore, if the atomistic
configuration space has been sampled according to the ca-
nonical equilibrium distribution, the MS-CG force field is the
projection of the force field determined by the many-body
PMF onto this space of trial CG force fields as follows:

N

f dRVpRr(RM) Y, (FYF(RY) - F/RY; 9)) - G,.p(RY) =0,
=1

(E4)

for all D=1,...,Np, where F)""(RY)=-gU"MF(RY)/4R, is
the many-body CG mean force field determined by the exact
many-body PMF, UPMF(RY), and pg(RY) is defined in Paper
I by the atomistic equilibrium coordinate distribution, p,(r"),
and the CG mapping, My(r").*
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