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The competition between attraction and diffusion determines the kinetics of non-equilibrium aggregation process. The for-
mation of silver nanoclusters through non-equilibrium aggregation of silver atoms in solution was simulated by molecular dy-
namics as a model system to study the influence of the competition between attraction and diffusion on the aggregation process 
by varying concentration and temperature. It has been found that the aggregation time decreases monotonically with increasing 
concentration of silver atoms because of increasing attraction, while initially decreasing and then increasing with increasing 
temperature because of the competition between accelerated attractive motion and increasing diffusive motion of silver atoms. 
A mean field approximation was employed to develop a phenomenological model describing the mechanism of temperature 
dependence of aggregation time. 
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1  Introduction 

Aggregation [1–3], nucleation [4], and self-assembly [5–7] 
processes are closely related non-equilibrium processes in 
physical and chemical systems, similar in that they all in-
volve association of atoms, clusters, or molecules. Two 
major types of movements generally compete in these pro-
cesses: association of particles because of attractive interac-
tions between monomers, and the random walk of particles 
because of the diffusive motion at a finite temperature. A 
number of theoretical studies have been focused on certain 
processes, such as gas phase nucleation processes [8–10], 
diffusion limited aggregation (DLA) of hard spheres [1–3], 
and colloidal self-assembly processes [11,12]. However, 
there are still no general theoretical frameworks which de-

scribe how the competition between attraction and diffusion 
can determine the kinetics of those processes. 

Classical nucleation theory [4,8,9,13–16] assumes that 
the system evolves near equilibrium, so the size distribution 
of the formed particles approximately obeys the Boltzmann 
distribution. Under this assumption, the rate of the nuclea-
tion process is proportional to  exp / ,G RT  where R is 

the gas constant, T is the temperature of the system, G is 
the free energy change of the process. The kinetics of ag-
gregation can also be described by the master equation for 
reversible aggregation processes [14,17–19]. The simplest 
version [14] of the master equation is given as: 
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where P(N, t) is the probability of finding the system in the 
state N=(N1,N2, ..., Nn) at time t, Ni is the number of clusters 
with size i, kij is the aggregation kernel that corresponds to 
the aggregation rate constant, and fij is the fragmentation 
kernel that corresponds to the fragmentation rate constant. 

ij
N  are those states which by following a single aggrega-

tion event, may produce the state N, and ij
N  are the states 

which may produce N by breaking a cluster into two parts. 
Neither of these two theories, however, is suitable for de-
scribing the competition between attraction and diffusion in 
non-equilibrium aggregation processes. 

For a general aggregation process in which monomers 
join each other and form larger and fewer particles as time 
goes by, the size distribution of the formed particles as a 
function of time can be described by the kinetic equation as 
given by Babu et al. [2,20–22], 
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Here, m is the number of basic aggregation units in a 
formed particle, Nm is the number of particles with m basic 
aggregation units, Kij is the cohesion rate at which a cluster 
with size i collides with a cluster with size j. In the limiting 
case of DLA [1,2], when the particles do not interact with 
each other and only do pure random-walk diffusion before 
they come close enough and stick together, the cohesion 
rate is Kij=4(Rcol,i+Rcol,j)(Di+Dj), with Rcol the collision ra-
dius of particles, and D the diffusion coefficient of clusters. 
For more general cases, attraction is also present in addition 
to diffusion, and DLA is no longer a good theoretical de-
scription for those cases, not only because attraction accel-
erates movements of particles towards each other, but also 
because diffusion kinetics can be altered by attraction. The 
attraction and diffusion compete [14,15], and each of them 
may dominate at different temperatures, concentrations, and 
attraction strengths. However, no general solutions for eq. 
(2) are currently available for the cases beyond DLA. 

A recent study1) has discovered that, in a AgNO3 solution, 
when Ag atoms are reduced by Cu atoms, the Ag atoms first 
undergo a fast process to aggregate locally and form Ag 
nanoclusters, before the nanoclusters undergo a slower pro-
cess to self-assemble into dendritic intermediate structures. 
Both steps are non-equilibrium aggregation self-assembly 
processes involving the competition between attractive and 
diffusive motions. The kinetics of the aggregation processes 
with respect to concentration and temperature are important 

for understanding the formation of nanoclusters and den-
dritic structures. 

In this work, we use molecular dynamics (MD) simula-
tions to study the kinetics of non-equilibrium aggregation of 
silver atoms forming silver nanoclusters in an aqueous solu-
tion. The motivation of this work is not only providing use-
ful information for understanding specifically the initial step 
of silver nanocluster formation in the whole self-assembly 
process of silver dendrites, but also investigating more gen-
erally the competitive relationship between attraction and 
diffusion in non-equilibrium aggregation processes by using 
the silver atom system as a model system. This system is 
relatively simple and can serve as a good model which 
grasps the essence of general aggregation processes, but is 
still complex enough to correspond to a real system. Our 
simulation results indicate that the aggregation time of indi-
vidual Ag atoms decreases monotonically with concentra-
tion, but first decreases and then increases with temperature. 
This qualitative conclusion can be considered quite general 
and independent of the details of the model and methods we 
have used for our simulations of silver atoms. A phenome-
nological model for aggregation time with respect to tem-
perature was developed based on a physical argument of the 
temperature dependence of the competition between attrac-
tion and diffusion. Although this empirical model has been 
constructed from one special case, we believe its physical 
interpretation is considerably more general in depicting the 
competitive relationship between attraction and diffusion in 
aggregation, nucleation, self-assembly, as well as other re-
lated physical and chemical processes. 

2  Methods 

Our MD simulations were performed by using LAMMPS 
software package [23] and the interactions between silver 
atoms were modeled by the Embedded Atom Model [24], a 
widely used general force field for metals. Periodic bound-
ary conditions were applied in all three dimensions of a cu-
bic simulation box. Initially, 1000 silver atoms were uni-
formly distributed in a cubic simulation box (Figure 1(a)). 
We set the atoms in a 3D lattice to mimic the condition 
when the Ag atoms are uniformly dispersed in the solution 
before the aggregation process begins. It is also possible to 
arrange the original positions of silver atoms randomly in 
the simulation box. Our simulation results (data not shown) 
demonstrate that the kinetics of aggregation is insensitive to 
the structure of the initial configuration. 

At the beginning of the MD simulations, random veloci-
ties are assigned to silver atoms in such a way that the sys-
tem has an initial temperature T. The system then evolves 
with time according to the stochastic Langevin equations of 
motion [25] to simulate the silver atoms in an implicit  

                      
1) Zhou Q, Wang B, Wang P J, et al. Nanoparticle-based crystal growth via self-assembly. Submitted 
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Figure 1  (Color online) Initial (a) and final (b) configurations of a sys-
tem with 1000 silver atoms simulated for 40 ns at T= 300 K. The periodic 
cubic simulation box has a side length of a = 10 nm (corresponding to a 
concentration of 1.66 mol/L). 

solvent: 
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Here, ri(t) is the position of atom i at time t, mi is its mass, 
and Fi is the total force on atom i because of the interactions 
from other atoms. In eq. (3), two terms are added to the 
Newton’s equations of motion: a stochastic force Ri, and a 
frictional force proportional to a damping coefficient i, to 
mimic the Brownian motion of silver atoms in an aqueous 
solution. These two terms damp the particle velocities and 
couple the system with a virtual reservoir with a constant 
temperature T. Ri obeys a Gaussian process whose correla-
tion time is infinitely short (i.e., the process is Markovian). 
According to the fluctuation-dissipation theorem [25], if the 
system is in thermal equilibrium with the reservoir at tem-
perature T, then the power spectrum of Ri is a constant, 
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where kB is the Boltzmann constant, T is the Langevin tem-
perature, and the power spectrum G() is the Fourier trans-
form of the auto-correlation function Ri(t). 

We model the implicit water solvent [26] by setting the 
damping coefficient 6 / ,r m    where , r, m are the 

viscosity of water at T, the radius, and mass of silver atoms, 
respectively. The water viscosity  is fitted and extrapolated 
to higher temperatures by =0exp(bT), where 0, b are 
constants, and for water, b=0.0174 K1, and 0=0.164 Pa·s 
[27,28]. Here we take m=107.87 au, and r = 1.45 Å, because 
the closest distance between two silver atoms in the fcc sil-
ver crystal is approximately 2.89 Å, as calculated from the 
lattice constant of 4.09 Å. For example, at T = 300 K,  = 
8.90×104 Pa·s, and thus ≈4.78 ps1. 

3  Results and discussion 

Stochastic Langevin dynamics simulations were performed 
for the aggregation of 1000 silver atoms at different tem- 

peratures from 300 K to 900 K with an interval of 100 K. At 
each temperature, the simulations were conducted at differ-
ent concentrations of c=1.66, 0.106, 0.0133, 0.00393, and 
0.00166 mol/L, corresponding to the side lengths of the 
simulation box a=10, 25, 50, 75, and 100 nm, respectively. 
The total number of particles N(t) during the aggregation 
process was approximately counted by regarding two silver 
atoms as belonging to the same cluster when their distance 
is less than 4.0 Å. 

Figure 1(b) shows the final configuration of the system at 
T=300 K, and c=1.66 mol/L, after 40 ns of aggregation. 
Because of the strong attraction between Ag atoms, they 
quickly form small clusters locally. Although the atoms 
initially stick together randomly to form arbitrary structures, 
our simulation results indicate that it takes less than 10 ps 
for the small clusters to adjust to the optimized structures. 
For example, a 3-atom cluster finally becomes a triangle, 
and a 4-atom cluster finally assumes a tetrahedral shape. As 
time goes by, these small clusters further aggregate and 
form larger silver nanoparticles, as those shown in Figure 
1(b). Because the attractive forces between silver atoms are 
relatively strong, the aggregation of silver atoms and nano-
particles is a non-equilibrium irreversible process. 

To characterize the kinetics of this non-equilibrium ag-
gregation process, we calculate the total number of particles 
N(t), including both individual silver atoms and nanoparti-
cles in the system, as a function of time. In Figure 2, we plot 
N(t) at different temperatures, with a concentration of c= 
0.0133 mol/L (corresponding to a= 50 nm). We can see  
that, at each temperature, N(t) decreases somewhat as an 
exponential decay function. At temperatures lower than 600 
K, the aggregation time is shorter when the temperature 
increases, because attraction dominates and the particles 
move faster towards each other at higher temperatures be-
cause of increased velocities. The aggregation time becomes 
longer at a higher temperature when T>600 K, because dif-
fusion dominates and the particles statistically move along a 
longer random-walk trajectory before they bump into each 
other and aggregate. After about 60 ns, the aggregation at  

 

Figure 2  (Color online) Total number of particles N(t) evolves with time 
at different temperatures with an initial concentration of 0.0133 mol/L 
(a=50 nm). 



2240 Wang B Y, et al.   Sci China-Phys Mech Astron   Decenber (2012)  Vol. 55  No. 12 

900 K becomes faster than those at 700 K and 800 K, be 
cause the 1000 silver atoms have aggregated into several 
large clusters. These clusters have limited diffusion, be-
cause of their large masses, and the attraction between them 
again dominates at higher temperatures. 

Since the aggregation is almost irreversible, we may 
consider each aggregation event as an elementary reaction, 
forming metallic bonds between silver atoms. If all the ag-
gregating particles are of the same size and the system has a 
constant volume, the time dependence of N(t) can be 
roughly expressed through the reaction rate of a first-order 
elementary reaction [29], 
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Here, K is the elementary reaction rate constant, and N(0) is 
the initial total number of individual particles. In a mixture 
of particles with different sizes, there are many different 
elementary reactions. For particles with i atoms, 
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with Ki the elementary reaction rate constant of particles 
with i atoms. If the reaction time is relatively short, we can 
approximately assume that, on average, the elementary re-
action of particles with i atoms is independent of the ele-
mentary reactions of other particles. Then from eqs. (5) and 
(6), the time dependent N(t) is the sum of contributions 
from the time-dependent Ni(t) for all possible values of i, 
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Here, Ni(0), i=1, 2, 3 ... are all constants, and i=1/Ki. For all 
our MD simulation results, we found that a 3-exponent fit-
ting function form of eq. (7) fits the N(t) curve well. This 
might imply that the aggregation of the clusters containing 
one, two, and three atoms forms the major part of the fast 
process. 

In Figure 3, we show the plots of N(t) for the systems 
with different concentrations at T=300 K. We also show the 
3-exponent fitting curve of N(t) at T=300 K with a=25 nm, 
most of which overlaps with the N(t) curve. The N(t) curves 
at other concentrations were also fitted by the 3-exponent 
function, and the coefficients are listed in Table 1. We can 
see that the decay time is smaller at higher concentrations, 
which indicates that the reaction time of the elementary 
reactions decreases at higher concentrations and the whole 
aggregation process becomes faster. However, it is difficult 
to use the coefficients of the 3-exponent functions to quan-
tify and analyze the aggregation kinetics. Therefore, we also 
fit N(t) by the 1-exponent function, 

 ( ) (0) exp( / ).N t N t    (8) 

The 1-exponent fitting curve of N(t) at T=300 K with 
a=25 nm is also plotted in Figure 3. Despite the noticeable 
deviation, the fitted curve still somehow follows the decay 
of N(t). All the N(t) curves at T=300 K were fitted by the 
1-exponent function in eq. (8) and the obtained decay times 
 are also listed in Table 1. We can see that  is larger at 
lower concentrations, consistent with the results plotted in 
Figure 3. 

The decay times  of the 1000-atom system simulated at 
different temperatures and concentrations were fitted and 
are plotted in Figure 4. At the same concentration,  first 
decreases with T since the attraction between atoms domi-
nates, and then increases with T since the diffusion domi-
nates and the particles move randomly to explore a higher 
volume of free space. It can be noted that for all concentra-
tions,  becomes minimal at around T=600 K. This may 
indicate that the effects of attraction and diffusion balance 
at around 600 K, independent of concentration. 

The size distributions Ni of the aggregated clusters with 
size i and an initial concentration of c= 0.0133 mol/L (a= 50 
nm) at different temperatures are plotted in Figure 5. We 
can see that at T= 300 K (Figure 5(a)), the size distributions 
of the formed clusters at different times are generally quite  

 

Figure 3  Time dependence of the total number of particles N(t) at dif-
ferent concentrations with different side lengths of simulation cell a at 
T=300 K. The 3-exponent fitting curve for N(t) with a=25 nm is shown in 
violet long dashed line and the 1-exponent fitting curve is shown in brown 
short dashed line. 

Table 1  Aggregation decay times, 1, 2, 3,, of 3-exponent and 1-expo- 
nent fitting functions for N(t) at 300 K, respectively, for the systems with 
different original side lengths of the periodic cubic simulation box a, and 
their corresponding concentrations c 

a (nm) c (mol/L) 1 (ns) 2 (ns) 3 (ns)  (ns) 

10 1.66 0.04360 0.3872 5.284 0.5800 

25 0.106 0.9960 5.588 42.58 6.056 

50 0.0133 5.128 22.83 22.84 12.47 

75 0.00393 1.900 23.84 171.9 41.49 

100 0.00166 4.248 80.60 13060.9 102.5 
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Figure 4  (Color online) Aggregation decay time  at different concentrations vs. temperature. The symbols are decay times fitted from simulation data and 
the dashed lines are the fitting of the decay times according to the phenomenological model in eq. (12).  

 
Figure 5  (Color online) Size distribution of aggregated clusters at different times during the aggregation of the system with concentration c= 0.0133 mol/L 
(a=50 nm) at different temperatures of 300 K (a), 600 K (b), and 900 K (c).  

narrow. At t=10 ns, most of the silver atoms have not yet 
aggregated and only a few silver atoms have aggregated 
into dimers. Some larger clusters with sizes between 4 to 10 
atoms emerge at t= 20 ns and more such clusters emerge at 
t= 30 ns. At T= 600 K (Figure 5(b)), the size distributions 
are very wide. At t= 10 ns, the silver atoms aggregate 
quickly into 61 clusters with their sizes ranging from 1 to 52 
atoms. At t=20 ns, these atoms and clusters aggregate into 
33 larger clusters ranging from 3 to 73 atoms. At t= 30 ns, 
the silver clusters further aggregate into 21 large clusters 
ranging from 3 to 148 atoms and the distribution becomes 
wider and increasingly discrete. At T= 900 K, at t= 10 ns, 
the clusters mostly have the sizes between 1 to 5 atoms. The 
aggregation is slower than that at 600 K, because the diffu-
sion of clusters is dominant at such a high temperature. At 
t= 20 ns, these silver atoms and clusters aggregate into more 

silver dimers and some larger clusters contain up to 6 atoms. 
At t=30 ns, the distribution becomes much wider and the 
silver clusters have aggregated into larger clusters with sizes 
between 1 to 37 atoms. In general, the size distribution is 
wider and considerably more discrete at later stages of ag-
gregation. At T<600 K, the distribution becomes wider at 
higher temperatures, and at T>600 K, the distribution be-
comes narrower at higher temperatures. 

4  Phenomenological model 

In order to help understanding the competition between at-
traction and diffusion, we then develop a phenomenological 
model to quantify the temperature dependence of decay 
time. By means of a mean field approximation,  can be 
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understood as the average time for two particles to meet 
with each other, as illustrated in Figure 6. The transition 
path sampling theory [30] introduced the concept of transi-
tion path ensembles, and demonstrated that the dynamical 
path probability can be expressed as a product of short-time 
transition probabilities, 
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Here,  (x0) denotes the distribution of the initial state x0 of 
a trajectory x(t). For instance, the distribution may obey the 
canonical ensemble, (x0)exp[H(x)], where H(x) is the 
Hamiltonian of the system. p(xi,t→x(i+1)t) is the transition 
probability of the process when the state xit evolves into the 
state x(i+1)t. Both (x0) and p(xit→x(i+1)t) are normalized. 
In the mean field approximation of our systems, there is 
also an infinite number of possible reaction paths for two 
particles to approach and meet, thus  is the tempera-
ture-dependent ensemble average of the reaction time of 
those paths, 

 ( ) ( , ) ( , ) ,T P l T l T l     (10) 

where P(l, T) and (l, T) are the temperature-dependent 
probability and reaction time of a reaction path l. Because 

the particle velocities are proportional to ,T  (l, 

T)=C(l) ,T  where C(l) is a function of path l. Similar to 

the transition path sampling theory [30], we assume the 
probability of taking a certain reaction path obeys the 
Boltzmann distribution, 
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where E(l) is a collective energy term that might correspond 
to the Hamiltonian term H(x) in eq. (9). We further cluster 
the reaction paths into two types: aggregation paths and 
dissociation paths. The aggregation paths are those along 
which two particles move towards each other, and the dis-
sociation paths are those along which two particles initially 
move far away from each other before moving closer. 
Therefore, the average reaction time can be written as: 
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In the above expressions, we made approximations to derive 
the final equation, where a d,E E  are the effective average 

energies for aggregation and dissociation paths, respecti- 

vely, and ga, gd are constants that reflect the effective 
weights of aggregation and dissociation paths, respectively. 
The physical interpretation of the above equation is as the 
following. Because attraction dominates at low tempera-
tures, particles mainly move along the shorter aggregation 
reaction paths. At higher temperatures, diffusion dominates 
and particles have more probabilities to move along the 
longer dissociation reaction paths. Conversely, particles 
move faster at higher temperatures. The competition be-
tween aggregation and diffusion quantified by eq. (12) re-
sults in the change of  from being smaller to larger with 
increasing temperatures, as shown in Figure 4. We fitted the 
temperature dependence of  at different concentrations by 
eq. (12), and plot the fitted curves in Figure 4. The fitted 
values of ga, gd, a ,E  and dE  are listed in Table 2. The 

fitting  is satisfactory, indicating that our phenomenologi-
cal model captures the essence of the aggregation and dis-
sociation competition mechanism. 

The concentration dependence is included in the fitted 
constants ga, gd, a ,E and dE . From Table 2, we can see 

that ga increases and gd decreases with decreasing concen-
trations. This may indicate that more particles aggregate by 
moving towards each other at lower concentrations. How- 
ever, the development of a quantitative relation between  
and concentration c may be complex and beyond the scope 
of this work. 

 

Figure 6  Schematic illustration of the reaction paths of the aggregation 
process. The red paths are those along which atoms move towards each 
other, and the blue paths are those along which atoms initially move away 
from each other and later move towards each other. 

Table 2  Fitted values of ga, gd, a ,E  and dE , with different side lengths 

of the simulation cell a and the corresponding concentrations c 

a (nm) c (mol/L) ga (ns·K1/2) gd (ns·K1/2) aE (kJ/mol) dE (kJ/mol) 

10 1.66 0.7332 1.326×109 6.622 124.3 

25 0.106 2.469 5.447×108 9.372 112.2 

50 0.0133 5.895 2.092×105 8.977 48.08 

75 0.00393 19.59 1.242×105 8.978 40.39 

100 0.00166 46.08 3.387×104 9.102 28.41 
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5  Conclusions 

The aggregation processes of particles involve two competi-
tive factors: attraction between particles and diffusion of 
particles. The DLA theory depicts the limited case when 
interactions between particles are negligible and particle 
dynamics are only determined by diffusion. In this work, we 
simulated the non-equilibrium aggregation of silver atoms 
into silver nanoclusters by MD simulation at different con-
centrations and temperatures. The aggregation time of silver 
atoms decreases monotonically with increasing concentra-
tion, because at higher concentrations, on average, the par-
ticles go through shorter trajectories before they meet and 
aggregate. With increasing temperature, the aggregation 
time decreases at T<600 K, then increases at T>600 K. 
Based on a mean field approximation, a phenomenological 
model was developed to explain the temperature depend-
ence of the aggregation time as a result of the competition 
between attraction and diffusion. At T<600 K, self diffusion 
is weak and attraction dominates, thus particles primarily 
move towards each other with a higher speed at a higher 
temperature. At T>600 K, when diffusion dominates, alt-
hough particles move more rapidly at higher temperatures, 
they have higher probabilities to move along longer trajec-
tories before they meet and aggregate. 

Our simulation results are helpful for understanding the 
formation mechanism of silver dendrites, particularly the 
temperature and concentration dependences of the dendritic 
structure formation. Moreover, this system serves as a mod-
el system for understanding the general tendency of non- 
equilibrium aggregation of nanoscale particles. The conclu-
sions based on the competition between attraction and dif-
fusion should not depend on the details of our simulation 
model and methods. The developed phenomenological 
model describing the temperature dependence of the aggre-
gation time may be helpful for understanding the competi-
tion between attraction and diffusion in many physical and 
chemical processes involving aggregation, nucleation, and 
self-assembly. 
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