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Abstract
A classical particle system coupled with a thermostat driven by an external constant force
reaches its steady state when the ensemble-averaged drift velocity does not vary with time. In
this work, the statistical mechanics of such a system is derived solely based on the
equiprobability and ergodicity principles, free from any conclusions drawn on equilibrium
statistical mechanics or local equilibrium hypothesis. The momentum space distribution is
determined by a random walk argument, and the position space distribution is determined by
employing the equiprobability and ergodicity principles. The expressions for energy, entropy,
free energy, and pressures are then deduced, and the relation among external force, drift velocity,
and temperature is also established. Moreover, the relaxation towards its equilibrium is found to
be an exponentially decaying process obeying the minimum entropy production theorem.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The theoretical framework for equilibrium statistical
mechanics is well established, but that for nonequilibrium,
except the linear response regime, is still in its early stage.
Until now, the fluctuation theorems [1-6], represented by the
Jarzynski equality [6], are the only set of equalities that hold
for nonequilibrium systems arbitrarily far from equilibrium.
The lack of theoretical frameworks for nonequilibrium sta-
tistical mechanics hinders the investigations to real systems
since most of the time they work at nonequilibrium states. A
simpler case is the nonequilibrium steady state (NESS) whose
thermodynamic properties do not change with time while a
certain flux exists. For an NESS, a generalized force con-
stantly input energy into the system, which is exactly counter-
balanced by a certain dissipation process, and thus the
ensemble-averaged flux does not vary with time. An applied
NESS system can be the electrolyte in a battery driven by the
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electrostatic force between two electrodes (see, e.g. [7, 8]).
Surprisingly, there are no general theories even for the case as
simple as NESS. A direct consequence is that molecular
dynamics simulations of such kind of systems still have to
approximately use the equilibrium thermostats, such as the
Berendsen thermostat [9] and the Nosé-Hoover thermostat
[10, 11], despite the fact that it is known to introduce,
sometimes significant, errors into simulation results [12].

In this paper, we establish the statistical mechanics for a
classical particle system driven by a constant external force
and coupled with a constant-temperature thermostat, whose
NESS is arbitrarily far from equilibrium. None of the con-
clusions drawn on equilibrium systems or nonequilibrium
systems with local equilibrium hypothesis are adopted. That
is, similar to the equilibrium case, the deduction is solely
based on the equiprobability and ergodicity principles. As
shown in figure 1, the system contains N identical classical
particles coupled to a thermostat with a constant temperature
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Thermostat

Figure 1. The schematic of the studied classical particle system in the
NESS with N particles driven by a constant force F and coupled to a
thermostat with a constant temperature 7, resulting in a constant drift
velocity Vj.

T driven by a constant force F along the x-axis. After the
system reaches the steady state, the macroscopic drift velocity
V4 along the x-axis is a constant. Because the system is still
canonical (the external potential is stationary), the momentum
and position spaces are independent of each other. Note that
the choice of a cylindrical shape in figure 1 is for the con-
venience of calculations, and the specific shape does not make
any differences when the system approaches the thermo-
dynamic limit.

In the following sections, we will first determine the
momentum space and position space distributions, followed
by the calculations of system energy, entropy, free energy,
and pressures. The relation among the external force F, the
drift velocity Vy, and the temperature T is then established.
Finally, the relaxation process towards its equilibrium is
revealed to be an exponential decay obeying the minimum
entropy production theorem.

2. Momentum space distributions

Since for a canonical classical system, the momentum space is
independent of the position space, the first question to ask is
what the distributions in the momentum space, i.e. the velo-
city distributions, are. Since the force is applied along the x-
axis, obviously the velocities along the y and z directions v,
and v, should both still obey the equilibrium Maxwell-
Boltzmann distribution

2
m mVy
vy)dvy = | exp| — dv,,
f( y) ? 27TkBT p( ZkBT] Y
m (1)
exp| — Vo,
p T 4

where kg is the Boltzmann constant and m is the particle mass.
For a random velocity along the x direction v,, we assume that
it is generated by n-times random walks with the magnitude

m
v, )dv, =
Jfv)dy, YrkaT

of ¢ for each walk, and the direction can be either positive or
negative. If the probability for taking the positive direction is
P, then the probability of having k times positive walks in all
n walks is described by the binomial distribution

P(kln) = C,p*(1 — p)"*. 2)
When n — oo, the above approaches the Gaussian distribu-

tion

fk)dk =

N2
exp(——(kz 1) )dk, 3)

o2

1
2710
where = np and o= np(l — p). The corresponding
velocity along the x-axis is v, = (2k — n)d, which reaches its
maximum value of V,,,, = né when k = n and its minimum
value of —Vj,,x = —nd when k = 0. Because (k) = 1 = np,
the thermodynamic drift velocity

Va= <vx> = (2P — 1) Vinax- “4)

Since k = 2”—6 + g, equation (3) becomes

Jv)dvy =

Jn
W 2i L —p) T
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By requiring that both the expectation value and the variance

of equation (5) should be constants when n — oo, we obtain
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When V; = 0, equation (6) should go back to the equilibrium

Maxwell-Boltzmann distribution, so we obtain Vi = k‘fTT
The velocity distribution along the x-axis is thus
ERTAY
Foody, = [ exp| -2 Yl g, (g
2T kBT ZkBT

The same result can be reached by utilizing the local
equilibrium hypothesis [13]. Nevertheless, our derivation
indicates that this result is of a more general basis free of the
local equilibrium hypothesis.

By utilizing the y2-distribution, it is easy to show that the

velocity perpendicular to be drift velocity v, = 1/vy2 + vz2
obeys the probability distribution

2

myy
— , > 0. 8
[ 2kBT) & ®)

The derivation is as follows. We define two new vari-
ables obeying the standard normal distribution N (0, 1):

my
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then the random variable a = 72

distribution:

= 173 + 72 obeys the 2

a%’] ex (72)
“ )
zér(f)

2

~ton(-3),

g@)=xk=2)=
k=2
(10)

so we have

) =2
fo) = —d%g(‘ﬁ) = -V CXP(—V—L} (1D
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Because v, = 1/\}\,2 + VZZ = ,/%\1 and f(v) = —%f(\a),
- an

we finally obtain equation (8).

3. Position space distribution

The derivation of the position space distribution is analogous
to the equilibrium case [14]. The energy of the NESS system
is denoted as U;, and the energy of the whole system com-
posed of the thermostat and the NESS system is denoted as U.
Both the whole system and the thermostat are treated as
infinitely-large microcanonical ensemble systems, whose
numbers of microstates are Q(U) and QU — U,), respec-
tively. The NESS system is also infinitely large, but infinitely
small compared to the thermostat, so the energy dissipates to
the thermostat is negligible. Note that in the following deri-
vation, the conclusions from equilibrium statistical mechanics
are applied to the whole system and the thermostat, but not
directly to the NESS. Given the entropy of a microcanonical
system S = kg In{2, the probability that the NESS system has
the total energy U is

1QU-U) 1

PO =200 ~z%®
X(S(UIQS(U)). (12)
By utilizing the Taylor expansion and T = (%)uzo’ we have
P(U) = —exp(~BU. (3)

where the partition function, serving as the normalization
factor, is written as

1

= der Nexp (—BU.rN, pN)),
o | ar [ ap exp (AU, p)
in which / is the Plank constant, 7V and p" are the collections
of particle positions and momenta, respectively. For a clas-
sical canonical system, the momentum space is independent
of the position space, so the partition function Z = QZ,

f dr" exp(— U, (r")) is the configuration int-
egral, and Zy  is the partition function of the ideal-gas NESS
system. Because v, € (—o0, +00), according to equation (7),
the expression of Zjq is exactly as the partition function of the
equilibrium ideal gas system.

(14)

where Q =

Although temperature is well defined for equilibrium
systems, currently its rigorous definition for nonequilibrium
systems is still lack [15]. In this work, it should be empha-
sized that the temperature 7 and associated relations are
defined for the equilibrium microcanonical thermostat as well
as the whole system, not directly defined for the NESS
system.

4, Entropy and free energy

Because the system entropy expression S = —kg Zi P(U)In P(U)
can be deduced solely based on the equiprobability and ergo-
dicity principles, it is also applicable to the NESS system
which has a well-define probability distribution. Because
Ve € (—00, +00), according to equation (7), the expression of
P(U;) is identical for both equilibrium and NESS systems,
and thus their entropy is the same. According to free energy
A = U, — TS, the free energy of a NESS system is Eq =
ngd2 larger than its equilibrium counterpart, exactly as the total
energy difference. In other words, ideally the drift energy E4 can
all be used to do external work.

5. Injection-dissipation relation

Next we determine the relation among the external force F,
the drift velocity Vg, and the temperature T according to the
balance between energy injection and dissipation. During a
time interval Az, the system kinetic energy increment caused
by Fis

2
AE¢ = Nf%[(v + EAt) - vf]f(vx)dvx, (15)
m

so the injection power

w= lim 25 _ npy,

At—oo At

(16)

On the other hand, the dissipation power can be calcu-
lated by considering the energy exchange between the system
and the thermostat. Let us first consider the energy exchange
by perfect elastic collisions on the boarder of the cylindrical
container along the perpendicular direction (see figure 1).
The energy change of an NESS particle in a single-time
collision can be obtained as Au = %(vl2 — v?), where v and
v, are the velocities of the NESS and thermostat particles,
respectively. However, the input energy cannot be suffi-
ciently dissipated if the system particles only exchange
energy on the boarder, because the external force F is applied
to all system particles; when the system size goes to infinity,
the input power grows with the volume but the dissipation
power grows with the area. Therefore, we have to assume
that all system particles can experience ‘virtual’ collisions
with thermostat in the whole system volume, and the col-
lision times n. for each particle in a unit time interval is
proportional to the particle velocity in the direction
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perpendicular to the force:
(17)

where ¢y is a coefficient reflecting the coupling strength
between the system and the thermostat. Because the number
of particles with a perpendicular velocity of v, is Nf (v.), the
total collision times for all particles with the perpendicular
velocity of v, in a time interval Az is

Mc(ve) = Nf (vi)ne(vi) At (18)

where the probability distribution of the perpendicular
velocity is given by equation (8). Therefore, the dissipation
power, which has the exact value of w but an opposite sign,
can be calculated as

—w:f dv,
0

= —NCyTV3,

nc(vy) = covi,

M A(V;) [avf) [amfopau
(19)

where Cy = ¢,/ m';kB is a coefficient whose exact value may
vary with the coupling strength between the NESS system
and the thermostat. Therefore, the relation among F, V4, and
T is

F = CyVyJT. (20)

If the NESS system is composed of charged particles
driven by a constant electric force F = gE, where ¢ is the
particle charge and E is the constant external electric field,
then the system mobility can be calculated according to
equation (20) as

=== . 21
K=o CoVT (21)

Moreover, because the friction coefficient ¢ can be related to
the diffusion coefficient D by [16]

kgT
= —. 22
§ D (22)
According to the Einstein relation, the diffusion coefficient is
connected to the mobility by a linear relation:
D

== 23
Jz KT (23)

Equations (21)-(23) together determines the friction coeffi-
cient to be

1 GT

mu

§= 24

mq

6. Pressures

We then calculate the pressures of the ideal-gas NESS system.
For a more general case, the contribution from particle
interactions can be added in the same way as for equilibrium
systems. Under the perfect elastic collision assumption, the
momentum change for a single collision of the NESS particle

on the boarder is Ap(v;) = 2mv,. According to the ergodicity
and equiprobability principles, the ensemble-averaged particle
density in the spatial space is uniform, so the times for par-
ticles colliding the container surface in At is

M) = Nfu)AV(V”
— (R — viAP)L
= nru) TR A0
Nf(gzvl = pSv AT (), (25)

where the particle density p = %, R and L are the radius and
side length of the cylinder, respectively, and S = 27RL and
V = 7R’L are the side area and volume of the cylinder,
respectively, as shown in figure 1. Then the pressure
perpendicular to the flux is

PL:L/‘ dVL
0

Note that the above expression includes the pressure
along four directions, namely y*, y~, z*, and z~. It satisfies
the equilibrium ideal gas equation of state along each direc-
tion. Along the flux direction, the times for a particle colliding
a cylindrical surface is M (v,)dv, = prR?Atvf (v,)dv,, and
the momentum change for each collision is Ap(v,) = 2mv,,
so the pressure along the x* direction is

M,(v,)
SAt

Ap(n) = 4pkgT. (26)

f dv, M (v)2mv,

WRZAZ
EERTAY)
— 2m,0f V2 [ exp| — m(v: = Va) dv,.
0 27TkBT 2kBT

@27

Similarly, the pressure along the x~ direction is

m(Vx _ Vd)z
_=2 dv,. (28
mpf \/ZkBT ( 2T )V (28)

The integrals in equations (27) and (28) do not have
analytical solutions and can be solved numerically.

7. Relaxation towards equilibrium

If the constant external force F is applied to the system when
time ¢ < 0 and suddenly removed at t = 0, the system will
relax from NESS towards its equilibrium state by dissipating
the drift energy %mvdz(t = 0) into the thermostat gradually.
During an infinitesimal time interval df, the energy change
equals to the energy dissipation:

%(%mvg(t)) = —w = —NCyJTVi(1). (29
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The solution of the above equation is
T

Vato) = vd<0)exp(£r} (30)

m

where V4(0) is given by equation (20).
As we have shown in section 4, for an NESS with an
arbitrary Vj(¢), its entropy equals to the corresponding equi-

librium system (V3 = 0). Therefore, we always have

dS(1)  dSexcn(?) n dSin (1)
dt dt dt

at any time ¢ during the decaying process, where dSec, (7) is the
entropy change flowing from the system to the thermostat,
dS;(¢) is the internal entropy change inside the system.
According to equation (16), the dissipation heat from the NESS
system to the thermostat in an infinitesimal time interval dz is

=0, (31)

dQ(t) = —w(t)dr = —NCyJT V3 (t)dr. (32)
On the other hand, we have
dQ(#) = TdSexcn (2), (33)
)
dSint(t) dSexch(t) NC() 2
dr dr T 1 () (34

Substituting equation (30) into the above equation, we obtain
the entropy production

_ dSin(®) _ NGy, _
Ps(t) = —u ﬁVd(O)exp( 2

The change of the entropy production with time is thus

CoNT

t) > 0. (35)

dPs() _

2
—2NC—°V§(0) exp(—ZCo—ﬁt) <0.  (36)
dr m m

The above two expressions indicate that the decaying
process has its entropy production monotonically decreases and
approaches its minimum value of 0 at t+ — oo when the system
approaches equilibrium, which agrees with the minimum
entropy production theorem by Prigogine [17].

8. Conclusions

In this work, solely based on the ergodicity and equiprobability
principles, we derive the statistical mechanics of an NESS sys-
tem coupled to a thermostat with temperature 7 driven by a
constant force F. A random-walk analysis determines that the
momentum space distribution differs from its equilibrium
counterpart only by a shift of the drift velocity Vy in the dis-
tribution of the velocity along the force direction. The position
space distribution is determined in the same way as for an
equilibrium system in the canonical ensemble and is found to
have exactly the same expression as the equilibrium counterpart.
The entropy of the NESS system is found to be exactly the same
as the corresponding equilibrium system, which means that the
drift energy equals to the free energy difference and can all be
used to do external work. The relation among F, T, and Vj is

established by considering the balance between the input power
and dissipation power: Vj is proportional to F and T/ The
pressure towards the force is larger than that along the directions
perpendicular to the force, and the pressure along the force is
smaller. Finally, the relaxation towards equilibrium is proved to
be an exponential decay obeying the minimum entropy pro-
duction theorem.

Although the studied NESS system is the simplest
nonequilibrium thermodynamic system, it is remarkable that
its statistical mechanics features far from equilibrium can be
quantified without any approximations and only based on the
ergodicity and equiprobability principles. The results of this
work not only allow the development of a thermostat algo-
rithm for molecular dynamics simulations of NESS systems,
but also serve as a starting point for further investigations of
more complex nonequilibrium systems more common in
nature than equilibrium systems, such as biological and social
systems.

Acknowledgments

This work was funded by the Strategic Priority Research
Program of Chinese Academy of Sciences (Grant No.
XDA17010504) and the National Natural Science Foundation
of China (Nos. 11774357, 11947302).

ORCID iDs

Yanting Wang (EZEH) © https: //orcid.org/0000-0002-
0474-4790

References

[1] Crooks G E 1999 Phys. Rev. E 60 2721
[2] Evans D J, Cohen E G D and Morriss G P 1993 Phys. Rev.
Lett. 71 3616
[3] Evans D J and Searles D J 1994 Phys. Rev. E 50 1645
[4] Gallavotti G and Cohen E G D 1995 Phys. Rev. Lett. 74 2694
[5] Hatano T and Sasa S 2001 Phys. Rev. Lett. 86 3463
[6] Jarzynski C 1997 Phys. Rev. Lett. 78 2690
[7] Sergeev A, Chertovich A, Itkis D, Sen A, Gross A and
Khokhlov A 2017 J. Phys. Chem. C 121 14463
[8] Xing L, Vatamanu J, Borodin O, Smith G and Bedrov D 2012
J. Phys. Chem. C 116 23871
[9] Berendsen H J C, Postma J P M, van Gunsteren W F,
Dinola A and Haak J R 1984 J. Chem. Phys. 81 3684
Hoover W G 1985 Phys. Rev. A 31 1695
Nosé S 1984 Mol. Phys. 52 255
Shi R and Wang Y 2013 J. Phys. Chem. B 117 5102
Zubarev D N 1974 Nonequilibrium Statistical
Thermodynamics (New York: Consultants Bureau)
Landau L D and Lifshitz E M 1980 Statistical Physics 3rd edn
(Oxford: Butterworth-Hienemann)
Puglisi A, Sarracino A and Vulpiani A 2017 Phys. Rep. 709 1
Hansen J-P and Mcdonald I R 2006 Theory of Simple Liquids
3rd edn (New York: Academic Express)
Nicolis G and Prigogine 1 1977 Self-Organization in
Nonegquilibrium Systems (New York: Wiley)

[10]
(11]
[12]
[13]

[14]

[15]
[16]

[17]


https://orcid.org/0000-0002-0474-4790
https://orcid.org/0000-0002-0474-4790
https://orcid.org/0000-0002-0474-4790
https://orcid.org/0000-0002-0474-4790
https://orcid.org/0000-0002-0474-4790
https://doi.org/10.1103/PhysRevE.60.2721
https://doi.org/10.1103/PhysRevLett.71.3616
https://doi.org/10.1103/PhysRevE.50.1645
https://doi.org/10.1103/PhysRevLett.74.2694
https://doi.org/10.1103/PhysRevLett.86.3463
https://doi.org/10.1103/PhysRevLett.78.2690
https://doi.org/10.1021/acs.jpcc.7b03861
https://doi.org/10.1021/jp3054179
https://doi.org/10.1063/1.448118
https://doi.org/10.1103/PhysRevA.31.1695
https://doi.org/10.1080/00268978400101201
https://doi.org/10.1021/jp311017r
https://doi.org/10.1016/j.physrep.2017.09.001

	1. Introduction
	2. Momentum space distributions
	3. Position space distribution
	4. Entropy and free energy
	5. Injection-dissipation relation
	6. Pressures
	7. Relaxation towards equilibrium
	8. Conclusions
	Acknowledgments
	References



