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1. INTRODUCTION

Over the past two decades, nanomaterials, such as nano-
particles,1 nanorods,2 nanowires,3 and carbon nanotubes,4 have
been studied extensively in both basic research and industrial
applications. Specifically, nanoparticles have drawn lots of atten-
tion, due to their better physical and chemical homogeneity as
compared to their bulk counterparts.5,6 Nanoparticles are chemi-
cally active and can be used as catalysts,7 biomarkers when being
linked to proteins,8 and drug carriers inside cells.9 Nanoparticles
could also be integrated in the design of nanomachines in the
future.10�12 Metal nanoparticles, especially those with small sizes,
are catalytically very active and selective when they are dispersed in
supporting matrices.7,13�20 Thin films of semiconducting nano-
particles are used as materials for electronic and optoelectronic
devices such as field-effect transistors,21�27 photodetectors,28�31

light-emitting diodes,32�36 metamaterials,37�39 and solar cells.40,41

Nanoparticles also have very wide applications in building nano-
compositematerials42�48 due to their bettermechanical and optical
properties. The thermodynamics and structures of nanoparticles
are crucial for their functionalities, because structural transforma-
tion of nanoparticles49 influences their electronic and optical
properties,50 changes their sintering kinetics,51,52 and further con-
trols the catalytic activities of nanoparticles.53,54 Therefore, theore-
tical studies of the structures and energetics of nanoparticles are
very important for supporting their wide applications.

Predicting the equilibrium shape of a crystal can be based on
the Wulff construction, which requires minimization of surface
free energy of the crystal for a given enclosed volume.55 Ino56 first
applied this approach to several metal and nonmetal nanoparti-
cles by calculating the total internal energy of tetrahedral,
octahedral, truncated octahedral, icosahedral, decahedral, and

truncated decahedral (Ino decahedral) structures with the
macroscopic quantities of cohesive, surface, twin-boundary,
and elastic strain energies. All the truncated motifs are optimal
ones from the Wulff construction. The parameters for those
energy terms were obtained from fitting the experimentally
measured properties. Ino found that metal and nonmetal nano-
particles (Ag, Au, Al, Cu, Ge, Ni, Pb, Pd, Pt, Si, β-Co, γ-Fe) with a
diameter smaller than about 10 nm prefer to have an icosahedral
structure, and those with larger diameters prefer to be truncated
octahedron. More recently, Marks57,58 proposed a modification
to the Ino decahedral structure, termed “Marks decahedron”,
which includes concave facets at the twin boundaries of the Ino
decahedron. The Marks decahedron was found to be the most
preferable structure in an intermediate size region between
icosahedron and truncated octahedron, later confirmed by
Baletto et al.59,60 There have been plenty of computational
studies on the structures of gold nanocrystals, by either ab initio61�70

or molecular dynamics (MD) methods.71�76 However, all these
studies have focused on gold nanoparticles with a number of atomsN
< 500 (diameter of about 2.5 nm), in many cases much smaller than
the usual experimentally prepared nanoparticles. It is also unclear
from previous studies how thermodynamic effects can influence the
structure of nanoparticles. Therefore, more systematic studies are
needed for testing the validity of traditional theories in these systems,
for studying the structures and energetics of larger nanoparticles, and
also for studying the influence of thermodynamic effects on the
stability of nanoparticles.
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ABSTRACT: The stability and energetics of metal nanoparti-
cles are very important for their wide applications. Ino devel-
oped a continuous model combined with experimental
parameters to study the stability of metal nanoparticles for
several different crystalline structures. To provide comparable
information for molecular simulation results, we re-examined
Ino’s theory by using the parameters of the Sutton�Chen
potential for silver and gold, respectively. Our results show that
the most stable structure is icosahedron when the diameter is smaller than 2 nm, and truncated octahedron for larger
nanoparticles. Static energies were then calculated for perfect crystalline structures to compare with the results by Ino’s theory,
and different crystalline stabilities have been found. Nevertheless, all calculations indicate that truncated octahedron is the most
stable structure at large sizes. Finally, thermodynamic effects have been demonstrated to be non-negligible by finding the
thermodynamically stable structures of metal nanoparticles with the simulated annealing method. Therefore, experimentally
developed metal nanoparticles do not necessarily always take the structure with the lowest potential energy given by either Ino’s
theory or static energy calculations.
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Among several widely used computational methods,77 such
as ab initio calculation, classical MD simulation, and energy
minimization, with the current computer power, MD simulation
and energy minimization are the twomethods that can be applied
to study large nanoparticles with a size of about N > 1000. Both
methods require the use of empirical atomistic force fields, so
Ino’s results56 with the parameters obtained from experiments
are not directly applicable to interpreting and understanding
simulation results. Therefore, in this study, we re-explored
Ino’s analytical theory by obtaining the parameters from
empirical force fields for silver and gold nanoparticles, respec-
tively. Our results qualitatively agree with Ino’s results that the
icosahedral structure is the most stable in the small size region
and the truncated octahedron is the most stable in the large
size region. However, the transition point shifts to a diameter
∼2 nm, much smaller than ∼10 nm given by Ino’s original
calculations.56

To estimate the errors of the analytical model, nanoparticles
with various structures were manually constructed and mini-
mized by the energy minimization method, and their internal
energies were then calculated and compared with those given
by the analytical calculations with Ino’s theory. The calcula-
tions demonstrated more complicated stability behavior of
gold and silver nanoparticles. Nevertheless, all calculations
indicate that truncated octahedron is the most stable structure
at large sizes.

Both analytical and energy minimization methods study the
stability of nanoparticles only by comparing the internal energies
of different structures without considering dynamic process and
entropy contribution at a finite temperature. To illustrate how
important thermodynamic effects are to the structure of metal
nanoparticles, we quenched the Ag and Au nanoparticles from
liquid to solid by employing the simulated annealing computa-
tional method.78 The results indicate that the thermodynamic
effect is non-negligible in determining the stable structure of
metal nanoparticles.

2. ANALYTICAL CALCULATIONS WITH INO’S THEORY

Ino’s theory56 originally used experimental parameters, such
as elastic strain energies and surface energies, of different types of
metals, to analytically calculate the stability of different structures
of nanoparticles. Computational methods with specific empirical
force fields, such as the Sutton�Chen force field,79 the em-
bedded atom method,80 and the glue model,81 have been
developed to predict properties of metals, such as melting point
and elastic strain energies. In order to make direct comparison
with simulation rather than experimental results, we re-explored
Ino’s formalism applying to Ag and Au nanoparticles by using the
parameters determined from the Sutton�Chen force field.

The stability of a nanoparticle’s crystal structure is the balance
of three energetic factors: the total surface energy, the total elastic
strain energy, and the total twin boundary energy. According to
Ino’s theory,56 the total internal energy, Un for a uniformly
structured particle and Um for a multiply twinned one, respec-
tively, are expressed as

Un ¼ �Uc þUs

Um ¼ �Uc þUs þUe þUt
ð1Þ

where Uc, Us, Ue, and Ut are the cohesive energy, the surface
energy, the elastic strain energy, and the twin boundary energy,

respectively, and

Uc ¼ VEc
Us ¼ S111γ111 þ S100γ100
Ue ¼ VW
Ut ¼ Tγt

ð2Þ

where V is the crystal volume and Ec is the cohesive energy per
unit volume. S111 and S100 are the surface areas of (111) and
(100) facets, respectively. γ111 and γ100 are the surface energy in
a unit area of (111) and (100) facets, respectively (only these two
kinds of facets are present in the crystal structures we study).W is
the elastic strain energy per unit volume, T is the total twin
boundary area, and γt is the twin-boundary energy in a unit area.
The icosahedral, decahedral, and truncated decahedral structures
all have elastic strain energy and twin boundary energy.

Since the cohesive energy Ec is the same for different
structures, the stability of a nanoparticle results from the
competition between the surface energy term and the elastic
strain energy term. The minimization of the surface energy can
be achieved by keeping the total surface area minimal and the
surface mostly covered by the closely packed (111) facets. The
shape of icosahedron is the closest to a sphere in all polyhedra, so
it has the smallest surface area. It is also totally covered by (111)
facets, which allows it to be the most stable structure at small
sizes. However, its elastic strain energy increases quickly with
volume, so it is not preferred at large sizes. Both decahedral and
truncated decahedral structures also have elastic strain energies.
Although the shape of truncated decahedron is a little closer to a
sphere than decahedron, the truncation exposes some (100)
facets, whose surface energy is higher than (111) facets. These
two structures are unstable at large sizes, also because the elastic
strain energies increase quickly with volume. The tetrahedral and
octahedral structures both have no elastic strain energy, and are
totally covered by (111) facets, but their surface area are very
large. The truncated octahedral structure is partly covered by
(100) facets, but it has less surface area than tetrahedral and
octahedral structures. The stability of nanocrystal structure is the
result of a subtle balance between those energetic factors, and
they are calculated below.

The experimental value of γt
56 was used in this study, since it is

very small and almost does not participate in determining the
most stable structure. The energy minimization was used to
evaluate the coefficients, Ec, γ111, γ100, and W for icosahedral,
decahedral, and truncated decahedral structures. The DL_POLY
software package82 was employed to perform the energy mini-
mization for Au and Ag nanoparticles with the Sutton�Chen
many-body force field.79 To calculate the cohesive energies Ec,
3072 silver or gold atoms were arranged as 32 layers with an fcc
lattice structure. Experimental lattice constants of 4.090 and
4.080 Å were used for silver and gold, respectively. Periodic
boundary conditions were applied to mimic the bulk material of
silver or gold. Energy minimization was performed to obtain the
lowest energy of the system. The cohesive energy density Ec was
then calculated by dividing the total energy by the number of
atoms. The surface energy density coefficients γ111 and γ100 were
calculated with the procedure described below. There were 64 Ag
(Au) (111) ((100)) planar layers generated with a surface area
S111 (S100). The periodic boundary conditions were applied to
mimic an infinitely large slab of surface. Energy minimization was
performed to obtain the lowest energy of this system, noted as
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E64. The same procedure was also applied to a surface slab
with 128 layers to obtain an minimized energy of E128. The
surface energy density of (111) was then calculated by γ111 =
(E64 � 1/2E128)/S111.

To determine the strain energy densityW, we first applied the
energy minimization to a perfectly structured 2869-atom icosa-
hedron and an 835-atom decahedron. A 165-atom tetrahedral
unit was carved out from both structures with an internal energy
of Etetra. This tetrahedron was then relaxed to obtain the relaxed
internal energy Erelax. The strain energy density of icosahedron
was calculated by W = (Etetra � Erelax)/Vtetra, where Vtetra is the
volume of this tetrahedron. The same procedure was also applied
to a 835-atomdecahedron. Our calculationswith other icosahedra
and decahedra (data not shown) demonstrate thatW does not
change much with system size in the small size region. The
calculated values of Ec, γ111, γ100, and W are listed in Table 1,
compared with the experimental values,56 in which the strain
energy density coefficients for the icosahedral and decahedral
structures are denoted as Wi and Wd, respectively. We can see
from this table that our Ec values are almost identical with the
experimental values. The γ111 and γ100 values estimated by our
energy minimization are significantly smaller than the experi-
mental values, while the W values estimated by the energy
minimization are mostly much higher than the experimental
values. This discrepancy might mainly come from the approx-
imations built in the Sutton�Chen force field.

The coefficients determined with the Sutton�Chen potential
were put in Ino’s formula, eqs 1 and 2, to analytically calculate the
internal energy for different structures. The average internal
energies per atom versus numbers of atoms are plotted in lines
for Ag in Figure 1 and Au in Figure 2. As shown in Figure 1, for Ag
nanoparticles, the icosahedral structure has the lowest energy for
N < 300, and the truncated octahedral structure is the lowest for
N > 300. For Au nanoparticles, as shown in Figure 2, icosahedron
has the lowest energy forN < 200, and truncated octahedron has
the lowest energy for N > 200. These transition points corre-
spond to a diameter∼2 nm, much smaller than∼10 nm of Ino’s
original calculations.

3. ENERGY MINIMIZATION FOR CONSTRUCTED PER-
FECT STRUCTURES

The above method based on Ino’s theory assumes that the
internal energy of a cluster is composed of cohesive, surface,

elastic strain, and twin boundary energies, and it changes con-
tinuously with system size. The advantage of this method is that it
can be used to calculate the energy of a cluster with an arbitrary
large size. On the other hand, the approximations made in its
continuity and energy terms inevitably cause some errors, which
can be justified by explicitly calculating the internal energies of

Table 1. Cohesive Energies Ec, Surface Energy Density
Coefficients γ, and Strain Energy Density Coefficients W
Estimated by the Energy Minimization Method Compared
with the Experimental Values

minimized experimental56

Ec�Ag (eV/atom) 2.958 2.96

Ec�Au (eV/atom) 3.780 3.78

γ100�Ag (J/m
2) 1.018 1.738

γ111�Ag (J/m
2) 1.000 1.505

γ100�Au (J/m
2) 0.619 2.271

γ111�Au (J/m
2) 0.549 1.967

Wi�Ag (10
8 J/m3) 1.850 1.669

Wd�Ag (10
8 J/m3) 0.734 0.126

Wi�Au (10
8 J/m3) 5.300 1.531

Wd�Ag (10
8 J/m3) 0.336 0.121

Figure 1. Average potential energies per atom for different structures of
Ag nanoparticles withN < 2000 (top), 2000 <N < 10 000 (middle), and
10 000 < N < 50 000 (bottom), calculated with the Sutton�Chen
potential. Analytical results calculated with Ino’s theory are plotted in
lines: red solid, decahedron (deca); green dashed, truncated decahedron
(decaw); blue short dashed, icosahedron (ico); magenta dot dashed,
octahedron (oct); orange double dot dashed, tetrahedron (ter); gray
dot, truncated octahedron (toc). Those for perfect structures are shown
in symbols: circle, decahedron; square, truncated decahedron; diamond,
icosahedron; triangle up, octahedron; triangle down, tetrahedron; cross,
truncated octahedron. Potential energies per atom at T = 100 K after
simulated annealing are shown in black stars.
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individual clusters with the same interaction model. Energy
minimization was categorized by Barnard77 as one of the major
computational methods for simulating nanoparticles. To evalu-
ate the errors made in the analytical calculations with Ino’s
theory, we manually constructed the Ag and Au nanoparticles
with perfect tetrahedral, octahedral, icosahedral, decahedral,
truncated octahedral, and truncated decahedral structures. The
energy minimizations were performed with the DL_POLY soft-
ware package,82 using the Sutton�Chen many-body force
field.79 The results are plotted in Figure 1.

For Ag nanoparticles, as shown in the top panel of Figure 1,
the minimized energy of icosahedron is the lowest for N <
2000, but very close to the minimized energies of truncated

decahedron, truncated octahedron, and octahedron. Decahe-
dron has a higher energy, and tetrahedron has the highest. In
the middle panel of Figure 1, icosahedron still has the lowest
energy for N < 3000, but truncated decahedron becomes the
lowest for 3000 < N < 10 000. The minimized energies of
truncated decahedron and truncated octahedron are very close
to each other in the size range 2000 <N < 10 000. Theminimized
energies of the icosahedral and octahedral structures are also very
close at 3000 < N < 10 000. The minimized energy of the
decahedral structure is higher, and that of the tetrahedral
structure is the highest. In the bottom panel of Figure 1,
truncated decahedron has the lowest energy for 10 000 < N <
30 000, and truncated octahedron becomes lowest for N >
30 000. The minimized energy of octahedron is higher than

Figure 2. Average potential energies for different structures of Au
nanoparticles with N < 2000 (top), 2000 < N < 10 000 (middle), and
10 000 < N < 50 000 (bottom), calculated with the Sutton�Chen
potential. The legends are the same as in Figure 1.

Figure 3. Minimized energies of different structures of Au nanoparticles
with N < 2000 (up), 2000 < N < 10 000 (middle), and 10 000 < N <
50 000 (bottom), calculated with the glue model. The legends are the
same as in Figure 1.
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truncated decahedron and truncated octahedron. Decahedron
and icosahedron are even higher, and tetrahedron is the highest.

For Au nanoparticles, as shown in the top panel of Figure 2,
the minimized energy of icosahedron is the lowest in the size
range N < 500. In the size range 500 <N < 2000, the octahedron
has the lowest energy. The minimized energies of truncated
decahedral and truncated octahedral structures are also very low:
that of decahedron is higher and tetrahedron has the highest. In
the middle panel of Figure 2, the minimized energies of the
truncated decahedral, truncated octahedral, and octahedral
structures are almost the same and lower than the decahedral,
icosahedral, and tetrahedral structures. In the bottom panel of
Figure 2, in the region 10 000 < N < 15 000, octahedron and
truncated octahedron have similar energies and are the lowest.
The truncated octahedron becomes the lowest at N > 15 000.
The minimized energy of octahedron is also very low. Those of
decahedron and icosahedron are higher, and tetrahedron has the
highest.

In Figure 2, minimized energies of octahedral and truncated
octahedral structures are very close to each other, probably
because the difference between the surface energy density
coefficients of (111) and (100) Au surfaces calculated with the
Sutton�Chen potential (0.549 J/m2 for (111) surface, and 0.619
J/m2 for (100) surface) are smaller than the experimental values,
as seen in Table 1. From the minimization results shown in
Figures 1 and 2, we can see a general trend that the icosahedral
structure is the most stable in the smallest size regions, the
truncated octahedral structure is the most stable in large size
regions, and the truncated decahedral structure is the most stable
in some intermediate size regions. This is qualitatively consistent
with Marks’ prediction57,58 that the Marks truncated decahedron
is most preferrable at an intermediate size region between
icosahedron and truncated octahedron, as later confirmed by

Baletto et al.,59,60 despite our not studying the Marks truncated
decahedron, which, in addition to the truncated decahedron, has
concave facets at the twin boundaries.

Next we compare the minimized energies of the constructed
perfect nanocrystals with those from the analytical calculations
with Ino’s theory. In the top andmiddle panels of Figure 1, for Ag
nanoparticles with N < 10 000, we can see that the minimized
energies of all structures are very close to those calculated from
Ino’s theory, except that, for decahedral and tetrahedral struc-
tures, theoretical energies are higher than theminimized energies.
In the bottom panel of Figure 1, for N > 10 000, the minimized
energies of all structures are very close to those calculated from
Ino’s theory, except that, for octahedral and truncated octahedral
structures, theoretical energies are lower than the minimized
energies. For Au naoparticles, for N < 10 000 in the top and
middle panels of Figure 2, the minimized energies of all structures
are very close to those calculated from Ino’s theory. In the bottom
panel of Figure 2, theminimized energies of all structures are quite
close to the energies calculated from Ino’s theory, except for
decahedral and truncated decahedral structures at larger sizes ofN >
14 500. The small deviations between the minimized energies
and the analytical calculations in the large size regions might be
due to the limitation of Ino’s theory that edges and corners of
nanoparticles are not included. Barnard’s model has included
energy terms for edges and corners of nanoparticles and
showed that these terms are non-negligible.61

In order to compare between different force fields, the many-
body glue potential for gold81 was also used to perform the same
calculations for Au nanoparticles. Various perfect structures of
Au nanoparticles were manually generated and minimized. The
results are plotted in Figure 3. We can see that the minimized
energies obtained from the glue model are higher than those
from the Sutton�Chen potential, and the calculated stability is
also quite different. The minimized energies of decahedron,

Figure 4. Truncated decahedral structures of Ag nanoparticles obtained
for N = 489 (top) and N = 891 (bottom) at T = 100 K after a simulated
annealing procedure: (top left/right) top/side view for N = 489,
(bottom left/right) top/side view for N = 891. The concave facets at
the twin boundaries in the top left panel show that it is close to a Marks
decahedron.

Figure 5. Structures of Ag nanoparticles obtained at T = 100 K after a
simulated annealing procedure. (Top left) Irregular structure for N =
2255. (Top right) Truncated octahedral structure for N = 6181.
(Bottom left) Truncated octahedral structure for N = 8119. (Bottom
right) Irregular structure for N = 45 961.
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octahedron, and truncated octahedron are almost indistinguish-
able for N < 2000, and are lower than icosahedron, tetrahedron,
and truncated decahedron. Octahedron becomes the lowest for
N > 2000, but almost the same with truncated octaderon for N
close to 50 000. Because the decreasing of the energy of truncated
octahedron is faster than octahedron, it is very likely that
truncated octahedron may have a lower energy than octahderon
for N > 50 000. The minimized energy of the tetrahedral
structure is the highest at all sizes. The icosahedral structure is
only slightly less stable than the decahedral structure for N <
2000, and it becomes much less stable for larger N. An earlier
simulated annealing result76 has shown that all gold nanoclusters
with N between 600 and 5000 stabilized in an icosahedral
structure. This difference might be attributed to the thermo-
dynamic effect incorporated in the simulated annealing proce-
dure, as studied in the next section.

4. STRUCTURES OBTAINED BY SIMULATED
ANNEALING

In experimental processes of metal nanoparticle growth, a
thermodynamic effect is generally present, so the obtained
structure is unnecessarily always the structure with the lowest
potential energy. To evaluate the degree of thermodynamic
effects, the simulated annealing method, categorized as one of
the major global optimization methods,77 was applied to Ag and
Au nanoparticles with various sizes. The obtained stable struc-
tures at a very low temperature of T = 100 K were compared
with those obtained from both Ino’s theory and the energy
minimizationmethod. The simulated annealing simulations were

performed by the DL_POLY software package82 with the
Sutton�Chen many-body force field.79 The Nos�e�Hoover
thermostat83,84 with a relaxation constant of 0.1 ps was used to
mimic the constant NVT ensemble.

The Ag and Au nanoparticles with various sizes were first
equilibrated at a high temperature of T = 1200 K, when the
nanoparticles are liquid, and then cooled down step by step with
a temperature interval of 100 K until it reached a very low T =
100 K. At each temperature, a 20 ns MD simulation was
performed for particles with N < 2000, 10 ns for 2000 < N <
10 000, and 4 ns for N > 10 000. In Figures 4 and 5, we show the
equilibrated structures of Ag nanoparticles with 489, 891, 2255,
6181, 8119, and 45961 atoms, respectively, at T = 100 K after the
simulated annealing procedure. We have found that the 489-
atom Ag nanoparticle (as shown in the top of Figure 4) has the
Marks decahedron structure.57,58 The 891-atom Ag nanoparticle
has the truncated decahedron structure. The 2255-atom Ag
nanoparticle has a structure with fragmented facets, as shown
in the top left of Figure 5, possibly because it is in the transition
region when the most stable structure changes from truncated
decahedron to truncated octahedron. The Ag nanoparticles with
6181 and 8119 atoms were both stabilized with a truncated
octahedral structure, seen in the top right and bottom left of
Figure 5, which is consistent with Ino’s theoretical predictions.
The 45 961-atom Ag nanoparticle has an irregular shape close to
a sphere, with fragmented (111) and (100) facets covering its
surface, seen in the bottom right of Figure 5.

The Au nanoparticle with 489 atoms has an icosahedral
structure after simulated annealing, as shown in the top of
Figure 6. This is consistent with the theoretical prediction of
Ino’s theory and the energy minimization results shown in
Figure 2. The 891-atom Au nanoparticle has a Marks decahedral
structure, as shown in the bottom of Figure 6. The 2255-atom
and 6181-atom Au nanoparticles have the truncated octahedral
structure with some defects on the surface, seen in the top left

Figure 6. Structures of Au nanoparticles obtained at T = 100 K after a
simulated annealing procedure. (Top) Icosahedral structure obtained
forN = 489. (Bottom) Truncated decahedral structure obtained forN =
891. The concave facets in the top view (bottom left) and side view
(bottom right) of the 891-atom cluster show that it is a Marks
decahedron.

Figure 7. Structures of Au nanoparticles obtained at T = 100 K after a
simulated annealing procedure. (Top left) Truncated octahedral struc-
ture for N = 2255. (Top right) Truncated octahedral structure obtained
for N = 6181. (Bottom left) Irregular structure obtained for N = 8119.
(Bottom right) Irregular structure for N = 45 961.
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and top right of Figure 7. The 8119-atom Au nanoparticle has a
fragmented surface structure, except that part of it has the
truncated octahedral structure, as can be seen from its front view
in the bottom left of Figure 7. The 45 961-atom Au nanoparticle
has an irregular structure close to a sphere, covered by fragmen-
ted (111) and (100) facets, seen in the bottom right of Figure 7,
because the simulation time in the simulated annealing proce-
dure is too fast to allow the structure to better relax.

The average potential energies per atom of the nanoparticles
at T = 100 K obtained from simulated annealing are plotted in
Figures 1 and 2 as black stars. Due to thermodynamic effects, they
are all slightly higher than the energies obtained from both Ino’s
theory and energy minimization. Those for the 45 961-atom Ag
and Au nanoparticles are �2.852 eV and �3.718 eV, respec-
tively, which are not plotted in the figures since they are out of the
range of our plots.

5. CONCLUSIONS

Ino’s theory was re-examined for Ag and Au nanoparticles by
using the parameters determined from the numerical calculations
with the Sutton�Chen empirical force field for silver and gold,
respectively. Qualitatively agreeing with Ino’s calculations, our
continuous analytic calculations showed that the icosahedral
structure is the most stable in the small size region, and the
truncated octahedral structure is the most stable in the large size
region. However, in our calculations, the structural transition
happens at a smaller diameter of about 2 nm rather than 10 nm in
Ino’s original calculations.56

Static energies for perfect crystalline structures were then
calculated to evaluate the errors in Ino’s theory, caused by the
assumptions made in the composition and continuous change
with size of the internal energy. It was found that, for Ag with the
Sutton�Chen force field, the icosahedral structure is the most
stable in the small size region, the truncated decahedral structure
is the most stable in an intermediate size region, and the
truncated octahedral structure is the most stable in the large size
region. For Au with Sutton�Chen force field, the icosahedral
structure is the most stable in the small size region and the
octahedral structure is the most stable in an intermediate region
of small sizes. The truncated decahedral, truncated octahedral,
and octahedral structures are almost all the most stable in an
intermediate region of larger sizes. The octahedron and trun-
cated octahedron have similar energies and are both the most
stable in the next intermediate size region, and the truncated
octahedron is the most stable in the large size region. For Au with
the glue model, decahedron, octahedron, and truncated octahe-
dron are almost all the most stable in the small size region, and
the octahedron is the most stable in the large size region, but
truncated octahedron is likely to become the most stable at N >
50 000. The static energy calculations indicate that the analytical
calculations can not capture the delicacy of nanoparticles,
because the continuous assumption does not work well when
the system size is small. However, analytical calculations indicate
that both Au and Ag clusters adopt a truncated octahedral
structure when the system size is large enough, which is
supported by the static energy calculations. It should be noted
that more complete studies have been done for the structural
motifs of very small nanoparticles, such as those reported in refs
60 and 85�87, but they are not the central focus of this paper.

The influence of thermodynamic effects was evaluated by the
MD simulations with the simulated annealing method. The

structures given by the simulated annealing method were not
always those with the lowest energy, consistent with the molec-
ular dynamics simulation results of the freezing of silver88 and
gold89 nanoclusters. Therefore, the thermodynamic effect is non-
negligible and should be in count when studying the structures of
experimentally constructed metal nanoparticles.
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