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V. Theory of Angular Momentum

4.1 Rotations and Angular Momentum

4.1.1 Classical Rotations

In classical mechanics, rotation about the same axis commute, whereas rotations about
different axes do not.
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If we definea 3x3 orthogonal matrix R to perform the rotation from the original vector V to
the final vector V':

v (Y,
v/ |=R|V, |, (4.1)
v/) v

z z

the matrix should satisfy the normalization condition
RR" =R"R=1. (4.2)
For a rotation around the z-axis with an angle ¢ (define counterclockwise to be positive), the

rotation matrix is

cosg —sing O
R,(¢)=|sing cosg O]. 4.3)
0 0 1

For an infinitesimal rotation & =sin ¢, the matrix neglecting higher orders of & becomes



-5 ¢ o0
2
82
R (¢)=| ¢ 1—7 0]. (4.4)
0 0 1
Likewise, we have
1 0 0
82
R,(¢)=|0 1—7 -& |, (4.5)
2
0 £ 1-£
2
and
2
1-— 0 £
R(s)=| 0 1 0 | (4.6)
2
& 0 1-%
2
Comparing the two subsequent rotations around x- and y-axes
2
1-£ o e
2
6‘2
R(e)R,(g)=| & l—? - 4.7)
- e 1-¢°
and
2
1-=— & &
32
R, (¢)R(g)=| © 1—? -£ |, (4.8)
-& s 1-¢°

we may conclude that: (1) Infinitesimal rotations about different axes commute with £* and higher
orders ignored; (2) If terms of order &° are kept, we have

0 -& 0
R(¢)R,(£)-R,(£)R,(¢)=| > 0 0|=R,(’)-1, (4.9)
0 0 0

Because R, (0)=1, where any stands for any rotation axis, we finally have

R.(¢)R,(¢)-R,(¢)R (¢)=R, (6‘2)— R, (0). (4.10)
4.1.2 Infinitesimal Rotations in Quantum Mechanics
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Define the rotation operator <7 (R):
(4.11)

@), = (R)|a),

where |a), and |a) stand for the kets of the rotated and original system, respectively. The

infinitesimal operator can be postulated as
U, =1-iGe¢, (4.12)
with a Hermitian operator G. We previously have seen that for an infinitesimal translation,
GoP s, (4.13)
while for an infinitesimal time evolution,
(4.14)

G- ﬂ e—dt.
Analogously, for an infinitesimal rotation around the kth axis by angle d¢, if we define J, to be
the corresponding angular-momentum operator, then
(4.15)

G—>‘]7k, e—>dg.

Therefore, the rotation operator
(4.16)

ﬁd(ﬁd¢)=1—(£;ﬁJd¢,

where N is the direction of the rotation axis. A finite rotation can be obtained by compounding
successively infinitesimal rotations about the same axis. For instance, a finite rotation about the z-

axis by angle ¢ has the operator

Lﬂm*mb{hﬂd}emphjllh TER

We further postulate that <~ (R) has the same group properties as R:

(1) Identity:
@ (R)-1= (R); (4.18)

(2) Closure:
2 (R)& (R) =2 (Ry); (4.19)

(3) Inverse:
@ (R ()= -
& (R)7 (R)=1
(4) Associativity:
7 R)[7 R) 2 (R)]=[# (R)7 (R,)]= (R) (421)

- (R)7 (R) 7 (R,)
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Then by using the truncated Eq. (4.17), the quantum correspondence to Eq. (4.10) is

,| & J_E J & \] & \] & \] ‘l & .| &
y (4.22)

h
J, &

S |

whose terms of order & automatically drop out, and equating terms of order £* leads to
[3,,9,]=ind,. (4.23)

Generalizing the above equation, we obtain the fundamental commutation relations of angular
momentum:

[‘]i"]i]: gy Jy s (4.24)

where ¢, is the Levi-Civita symbol with

o (4.25)

and 0 otherwise.

4.1.3 Spin ¥ Systems and Finite Rotations
The spin 1/2 systems have the lowest number of dimensions N = 2 , whose spin operators are
defined by

S, = 3 J-1+1)CT (429

which satisfy the commutation relations Eq. (4.24). A finite rotation by a finite angle ¢ about the
z-axis can be described by

@), = 7, (¢)| @) (4.27)
with
,(¢) = exp(—i%}. (4.28)

Under this rotation, the expectation value of S, changes as
(Sx) 2w (@[Sc|a), ={a] 2" (#)S,7 (4] @) (4.29)

Because



(2ol 5o 457

Bl 1000 9)

2
=§[(|+><—|+| —){(#)cosg+i(|+) (-] =|-)(+[)sing ]
=S§,cos¢—S, sing
we have
(S,) ¢ (a]S,|a), =(S,)cosg—(S, )sing.
Similarly,
<Sy>—><8y>cos¢+(8x)sin¢

Because S, commutes with v, (¢), we have

(S:)—>(8.).
The above can be generalized to be

(3) = 2R ()

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

with R, the elements of the 3x3 orthogonal rotation matrix R exactly the same as in classical

mechanics.

When apply the rotation operator Eq. (4.28) to a general ket, we obtain

exp[—i %} exp(—l j (| a)) |

o012 ) ¢]a) exp g]- ()

We then have

(@) o) = =2)
and

|0y 1) -
4.1.4 Spin Precession

The Hamiltonian for spin precession is

H =—£ © JS-B=a)SZ,
m.C

e

where

e|B
w=—
m,C

The corresponding time-evolution operator is

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)



4 (t, 0) = exp(—i %) = exp[—i SZ:tj , (4.40)

which is exactly the same as Eq. (4.28) by setting ¢ = wt . Egs. (4.31), (4.32) and (4.33) becomes
(S,), =(S,), cos(a)t)—<5y>0 sin(ot)
<Sy>t :<Sy>0 cos(wt)+(S, ), sin(at). (4.41)
(S:) =(S:)g
After t= 2—”, the spin returns to its original direction. According to Eq. (4.35), the time-evolution
of the statealiet is
oty = 0it) = exp(—i%t)|+>(+|a>+exp[i%t]|—><—|a>. (4.42)
4.1.5 Pauli Two-Component Formalism

The two-component spinor formalism introduced by W. Pauli in 1926 defines the base kets in
the matrix form

Z E|+)ﬁ@’ pa sl—)é(gj. (4.43)
An arbitrary state ket in the matrix form
o)=Je)oka) -l 12 (@44
can be written as a two-component spinor
A eeee

Define the Pauli matrices

(01 (0 i (10 146
“7 100 27 o) TTlo ) (4.46)
then the expectation value

(5)=(alsi|a)= T 3 (ela)(als, )@= (3)ror.  @an

a'=+—a"=+—

The two relations of the Pauli matrix:

ol =1 (4.48)
and
0,0;+0,0,=0, i#] (4.49)
are equal to the anti-commutation relation
{oney} =25, (4.50)

Along with the commutation relations



we obtain

Other properties include

[ahq]:2kwow

0,0, =-0,0,=lo,, i#]j#k.

=1

+

o, =0,

det(o;)=1.

Tr(

If a isavector in three dimensions, then

¢-a=) ao, =[ B AT
k

1
q)=0

|a2j
a +ia, -a,

For two three-dimensional vectors a and b, we have

b)=> 08,2 0b
[ P

Gk]Jajbk :Z;(gjk +igy,0;)ab, .
]

Specifically, if the components of a are all real, we have

(o-a)’

=laf"

In the two-component formalism, the rotation operator

o (A, ¢)= exp(—

From Eq. (4.56), we know

so Eq. (4.57) becomes

Under rotations,

_i[( 2 (2
)_.G ns.n(g)
)

i%)ﬁexp(—ic'ﬁqﬁj.

2

n 1 niseven
(G'n) —{Gﬁ . 1

nisodd

CERSE

Icos[

[e{gm

(—inx +n, sm(

)

ot
ofomlt

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)



N exp(—i %) . (4.60)
anditis y'ey ratherthan o itself to be regarded as a vector:

r'ox =Y Ruxlox, (4.61)
|
which can be explicitly proved by using

O.

exp(i%ﬂq exp[—i%‘ijj:q cos¢—o,sing (4.62)

and so on.
4.1.6 SO(3), SU(2), and Euler Rotations

The set of all multiplication operations with orthogonal matrices R forms a SO(3) group:
(1) The product of any two orthogonal matrices is another orthogonal matrix.

(RR,)(RR,) =RR,RIR =1. (4.63)
(2) The associative law holds.
R1(R2R3):(R1R2)R3' (4.64)
(3) The identity matrix 1 is a member of the class of all orthogonal matrices.
R-1=1-R=R. (4.65)
(4) The inverse matrix R™ is also a member.
RR*=R?'R=1 (4.66)

The name SO(3) has S standing for special (no inversion operation), O for orthogonal, and 3
for three dimensions.

A unitary unimodular matrix is defined as
a b
U(a,b)= , 4.67
(ab) [_b* a*j (@.67)

where a and b (known as the Cayley-Klein parameters) are complex numbers satisfying the
unimodular condition

|a” +|b|" =1. (4.68)
The unitary property is
! a” -b)a b
= =1. 4.69
U(a,b) U(a,b) [b* aJ[—b* a*} (4.69)

(4.70)



Because

U(a,b)U (a,.b,)=U (aa, ~bb;,ab, +ab;) (4.7)
with the unimodular condition
la.a, ~bb;| "+ [ab, +ash| =1 @.72)
and
U™(ab)=U(a",-b), (4.73)

it belongs to the SU(2) group, where S stands for special (constrained to be unimolecular), U for
unitary, and 2 for dimensionality 2.

Euler rotations by three angles «, 8,7 turn out to rotate about fixed axes:

R(a.B.7)=R, ()R, (B)R,(7). (4.74)

(b) ()

Applying this set of operations to spin %2 systems in quantum mechanics. By using Eq. (4.59), we
have the rotation operation of the unitary unimodular form

D (a,B.y) =2, (a) 2, ()7, (7), (4.75)

which for spin %2 system is



7 (apy)= exp( )exp(|0 jexp[ ;7)
ol o folt) () o |
)l )] ol
o)
=) ol

This 2x2 matrix is called the j:% irreducible representation of the rotation operation

(4.76)

& (a,B,y). Its matrix elements in terms of the angular-momentum operators are
Joa B NI | |
exp| —i1—— |ex exp| —-i—=*||j==,m}). (4.77
p[ . ] p( N ] p[ =5 (4.77)

4.2 Density Operators and Pure Versus Mixed Ensembles

1
D (e, Bry) = <J=5,m

4.2.1 Ensemble Averages and Density Operator

A mixed ensemble is a mixture of pure ensembles (single quantum states), whose fractional
populations satisfy the normalization condition

ZWi =1. (4.78)
The ensemble average of an observable A in a mixed ensemble is defined by

A]EZWi<a(i>‘A‘a(i> ZZWK ‘a >

where |a’) is an eigenket of A. The probabilistic concepts enter twice: (1) quantum probability

a’, (4.79)

Ka"a(‘)>r for finding A in eigenstate |a’) ; (2) statistical probability of finding A in the ensemble
of a quantum-mechanical state ‘a(i)> .
Using a more general basis set {|b’)} , We can rewrite the above ensemble average to be
Al=w bzﬁz( '[b) o' Afb") (b7 )
2w (o

-5 Sl )

v—|

(4.80)

Define the density operator

p=Sula)fe'] s
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The elements of the corresponding density matrix are
(| p[b) =D wi (b} |0). (4.82)
The ensemble average Eq. (4.80) can then be rewritten with the density operator as

ZZ<b"|p|b>< b")=tr(pA). (4.83)

The density operator has the following properties:
(1) Itis Hermitian, as evidenced by Eq. (4.81).

(2) It satisfies the normalization condition tr(p)=1.

(3) A pure ensemble can be represented by p = ‘a(")><a(") :

(4) p*<p and “=" only for a pure ensemble.
(5) tr(p*)<1 and “=" only for a pure ensemble.

If the basis set is continuous, for instance, the position eigenkets {|x’>} Eqg. (4.83) becomes

[A]=[d*x [d*x"(x"| p|x') (x| A|x"), (4.84)

and the density matrix becomes

o Tl o) =D i ). e

where y, is the wave function corresponding to the state ket ‘a(i)> .

(x| o|x) =

4.2.2 Time Evolution of Ensembles

If w, does notchange, the change in p(t Zw ‘a ><a(i)‘ is solely governed by the time

evolution of |« ). Because the time volution of |o;) satisfies the Schrodinger equation, we obtain

=S w (H|a" i) (e it - | i) (@ it H) = =[pH]. (4.86)

It can be regarded as the quantum-mechanical analogue of Liouville’s theorem in classical statistical
mechanics,

P s H ] (4.87)
where p,....x Stands for the density of representative points in phase space.
4.2.3 Quantum Statistical Mechanics
If we define
o=-tr(plnp)= Zpkk Inp, (4.88)

for a completely random ensemble

11



1
1 1
p= N . , (4.89)
1
1
0 1
we have
N1 1
Uz_;ﬁln(ﬁjzln N . (4.90)
For a pure ensemble
0 0
0
1
ot , (4.91)
N
0
0
0 0
we have o =0.
The system entropy is defined as
S =kgo (4.92)
where kg is the Boltzmann constant.
When thermal equilibrium is established, we have
%P _yg. (4.93)

ot
According to Eq. (4.86), p and H can be simultaneously diagonalized, so the kets used in writing
Eq. (4.88) may be taken to be energy eigenkets. Then p, stands for the fractional population for
an energy eigenstate with energy eigenvalue E, .

In the canonical ensemble, we may derive from the principles of statistical mechanics to obtain

exp(-fE,) _exp(-pE,)

P =N = 7 ) (4.94)
> exp(-BE))
|
where f= ﬁ with T the temperature, and the partition function
B
N
Z =Y exp(-pE,)=tr[exp(-BH)]. (4.95)
|
The density operator in the canonical ensemble can then be written as
-BH
- M_ (4.96)
YA
Then we have
N
w(exp(cpH)A) 2 (Ak o (-AE))
[A]= 7 =k . (4.97)

ZeXp -PBE, )

12



In particular, the internal energy

D E, exp(-BE, ) 5
- -~ Znz. (4.98)

) iexp(—ﬂEk) op

U

For a spin % system in the canonical ensemble, with a magnetic moment subject to a

uniform magnetic field in the z-direction, the Hamiltonian is given by Eq. (4.38). Because H and
S, commute, inthe S, basis, we have

exp(—ﬂizwj 0
p= 1z, (4.99)
%)
0 exp| —
2
where the partition function is
Z= exp(—@j+exp(@j. (4.100)
2 2
We can then compute
h Bho
[s,]=[s,]=0. [sJ:-[Ejtanh[Tj. (4.101)
The paramagnetic susceptibility may be computed as
e —eh Pho
x [mecJ[ : 2m,cB an [ 2 j ( )
which is called the Brillouin’s formula.
4.3 Orbital Angular Momentum
4.3.1 Eigenvalues and Eigenstates of Angular Momentum
We define a new operator
?=30,+3,3,+3,3,, (4.103)
which commutes with any J, :
[0%,3,]=0, k=123. (4.104)

The above can be proved for the case of k=3 as
[3,9,+3,3,+3,3,,3,1=3,[3,,3,]+[3,,3,19, +3,[ 3,.3, ]+[3,.3, ]9,

=3, (ind, )+ (=3, )3, +3, (ind, ) +(ind,)J, . (4.105)
=0

The cases of k=1,2 can be proved in the same way. Because J,, J, and J, donotcommute
with each other, we choose J, only to be diagonalized simultaneously with J?.

By denoting the eigenvalues of J° and J, by aand b, respectively, we have
13



J2|a,b):a|a,b)

J,|a,by=b|a,b) (4109

To determine the allowed values for a and b, we then define the non-Hermitian ladder operators

3, =3 £id,. (4.107)

+ X y

According to Eq. (4.24), they satisfy the commutation relation

[3.,3_]=2nJ, (4.108)
and
[3,,0.]=%RJ, . (4.109)
Furthermore, it is obvious that
[9°,9.]=0 (4.110)

Because
J,(3.]ab))=([J,,3.]+3.3,)|ab) = (bxr)(J,

J. (J_) applying to the eigenket of J, results in an increase (decrease) of the eigenvalue by one

b)), (4.111)

unit of 7. However, it does not change the eigenvalue of J*:
J% (9,

, ) are simultaneous eigenkets of J* and J, with eigenvaluesaand b+7.

)=3.3%|a,b)=a(J,

b)). (4.112)

Since

1

1 + +
JZ—JZZ=E(J+J7+J7J+):E(J+J++J+J+), (4.113)

along with the fact that J,J' and J'J, must have non-negative expectation values because

J|ab)«=>(a,b|J,, J,|ab)«>—>(ab|J;, (4.114)
we have
(a,b](9?-J7)a,b)>0, (4.115)
which implies that
axb’. (4.116)
It therefore follows that there must have a b, such that
J,|a,b,,)=0, (4.117)
which also implies
J.J,|a,b.)=0. (4.118)
On the other hand,
33,=02+30-i(3,3,-3,3,)=0 -3 -nd,, (4.119)

14



SO

(32-37-nd,)|ah

b ) =0. (4.120)
This is satisfied only if
a—-bl, —bi=0=a=b (b +7). (4.121)
Similarly, from Eq. (4.116), there must also exista b, such that
J_|a,b,)=0. (4.122)
By writing that
JJ =J02-0%+n, (4.123)
in analogy with Eqg. (4.119), we conclude that
a=b, (b, 7). (4.124)

Comparing with Eq. (4.121), we infer that
b. =-b_. (4.125)

min max

Therefore, the allowed values of b lies within [-b_, b, |.

Because we have to apply J, successivelyto |a,b, ) toreach |a,b,,,), we must have

B, =Py +N7, (4.126)
where n is some integer. As a result, we get
LY (4.127)
2
.. b
Define j= ";‘_:X , We have
. N
— 4.128
=7 (4.128)

The maximal eigenvalue of J, is jn, where j is an integer or a half-integer. According to Eq.
(4.121), the eigenvalue of J? is given by

a=rj(j+1). (4.129)

Also define m= % the allowed values are
m=-j,—j+1--j-1j, (4.130)

totally 2j+1 states. Instead of |a,b), the simultaneous eigenket of J* and J, can now be
denoted by | j,m). The basic eigenvalue equations now read

Plim)=ij(i+1)7*|j,m) (4.131)
and

J,|j.m)=mn|j,m). (4.132)
15



Note that the quantization of angular momentum is obtained by using only the commutation
relations [Ji,JJ: ihey J,, which is a consequence of the properties of rotations along with the
definition of J, as the generator of rotation.
The matrix elements of the angular-momentum operators can be worked out as follows. From
Egs. (4.131) and (4.132), we have
(i'm'| 32| jom) = j(J+1)A°5 6, (4.133)
and
(5"m'|3,] ., m) = mhd ;6 - (4.134)

To obtain the matrix elements of J,, we first consider

J,

(j,m jom)=(j,m|(32 =32 =nd, )| j,m)=n*[ j(j+1)-m’ —m]. (4.135)

On the other hand, we have

J,|hmy=ci | im+1), (4.136)
where c;, is a multiplicative constant subject to the normalization requirement. Comparing the
above two equations, we obtain

+
jm

¢l =72 [ §(i+1)-m(m+1)]=r2(j-m)(j+m+1). (4.137)

Choosing c;, to be real and positive, we get

J, j,m)zh\/(j—m)(j+m+1)|j,m+1). (4.138)

Similarly, we can get

3 |jmy=n(j+m)(j-m+1)[j,m-1). (4.139)

Therefore, the matrix elements of J, is

I |im)y=nJ(ixm)(j+m+1)s,,5 (4.140)

J1Ym m+1 "

<j/’mr

The matrix elements of a rotation R specified by n and ¢ is
f/m‘,(ni)(R)=(j,m’|exp(—i%j| j.m). (4.141)

Note that the same j-value appears in the ket and bra because those with different j-values vanish,
so rotations cannot change the j-value.

The rotation matrices characterized by definite j form a group because: (1) the identity is a
member, (2) the inverse is also a member, (3) the product of any two members is also a member

> 2,0 (R) 7, (R,) = 7\ (RR,)., (4.142)
and (4) the corresponding rotation operator is unitary
Dy (R™) = D (R). (4.143)
Because

16



& (R imp= X im)(ml (R)im)=F[im)> V(R),  (4.144)
the matrix element ,(%‘m;i”(R) is just the amplitude for the rotated state to be found in | j,m’) when

the original state is | j,m).

The general rotation characterized by Euler angles described in Eg. (4.75) (not limited to spin
Y2 system) can have the matrix realization as

(e, B7) =i, m’|exp(—i J;la}exp(—i J;ﬂjexp(—i J;f}| j,m)

(4.145)
:exp[—i(m'a+my)]dg,)m(ﬁ)
where
j . J .
dn(q,)m(ﬂ)z<1,m’|exp(—| ;f}“,m) (4.146)
are the matrix elements of a new matrix d'’ ().
.1
For the J:E case,
42 () = c?s(ﬁlz) -sin(41/2) . (4.147)
sin(f/2) cos(p12)
Forthe j=1 case, because
J,-J
J, =——, 4.148
y 2i ( )
we can use Eq. (4.140) to obtain
0 V2i 0
J§j=1)=g Gi oo il (4.149)
0 J2i o0
Moreover, because for j=1 only, it can be verified that
J.B Y J
exp| —i—— |=1-| -~ | (1-cosB)—i| - |sin 3. 4.150
o5 {3 emeonr-ono (@150
Therefore, we obtain
%(l+cosﬂ) —%sinﬂ %(1—cosﬂ)
1 . 1 .
d9(B)=| —=sin cos ——sing |. 4.151
(B)=| 5sin# B 7o/ (4.151)
1(1—cos,8) isin,B 1(1+cosﬁ)
2 J2 2

4.3.2 Orbital Angular Momentum as Rotation Generator

An orbital angular momentum is defined as
17



L=xxp, (4.152)
which satisfies the angular-momentum commutation relations

[L.L ] =ighL, . (4.153)

These commutation relations are consistent with the commutation relations of x and p:

[LX, Ly] =[ypZ —1p,,2p, —xpz] :[ypz,sz]+[zpy,xpz]
=yp,[p,.2]+ p,x[z, p,] =ih(xp, - yp, ) , (4.154)
—inL,

and vice versa.
Considering the property of the translation operator, the fact that L, generates an

infinitesimal rotation about the z-axis can be verified by

(2]

X’, y/’ Z’> — |:1— i %(5¢X’)+ i %(5¢y1)i|| X', y,, Z,>

(4.155)
=|X' - y'0p, Y +X'5p,2')
Therefore, the wave function for the rotated state
’ ! ’ H 5¢ ! ! ’ ! ’
(x,y',z |{1—|[7j LZ}|a):(x +Y'6p,y - X5¢,7'|a). (4.156)
In spherical coordinates, the above becomes
(r,@,¢|{1—i[%) LZ}|a> =(r,0,¢-5¢|a)
: (4.157)
- (r,e,¢|a>_a¢%<r,a,¢|a>
Because (r,0,¢| isan arbitrary state, we can identify
(|, | @) = -in-> (x| ), (4.158)
Z 8¢
Analogous to Eq. (4.156), the rotation about the x-axis by angle &¢, has
! ! ! H 5¢ ’ ’ ’ ! !
(x,y'z |{1—|[ hijx}W):(X’y +2'5¢,,7' - y'6¢,|a) . (4.159)
In spherical coordinates, the above equation becomes
(X'|L,|a) =—in| —sin ¢5i—cotecos¢i (X'|ax). (4.160)
. 00 0¢
Likewise,
(X'|L, |a)=—in cos¢i—cot95in ¢ﬁ (X|a). (4.161)
Y 00 6l
According to the above two equations, we have
(x|L.| @) = -inexp(£ig)| £i-Z —coto - |(x'|a). (4.162)
* o0 o¢

18



Because
2 :L§+%(L+L7+L7L+), (4.163)

we have

1 0 1 0. 0
| a) = -h? — —|sind— | |(X'|ax). 4.164
KL e) (sinz 004 sino ae[sm aan<x ) (4.164)
Below we connect L? to the angular part of the Laplacian. First, we have
L* = Z‘gijkxi Pi€imcX P = Z(é‘ngim _é}méjl)xi P;X Pp
ijlimk ijim
= Z[ail5jmxi (X| P; _ih51|) P _5im5]|Xi P; ( P X +ih5|m )J
ijim : (4.165)
= X2p2 _ihx'p_zé‘imé‘jl |:Xi pm (XI pj _ihé‘jl )+ih5|mxi pj:|

ijim

=x2p2—(x-p)2+ihx-p

Because
(xx-pla) =X (-inV" (x|a)) =-inr £ (x| ), (4.166)
and likewise,
. o( 0o, o, o, ,
(x |(x.p)2|a>:_h2r5(r5<x a)j :—h2£r267(x japrr 2 ix |a>j . (4167)
we finally get

2
(X||a)=r*(x|p?|a)+n? [rz %(x’|a)+ 2r§(x'|a>] : (4.168)

In terms of the kinetic energy, we have

1 ’ hz ! ’
Lo ) =~ v )

(o, 20, , 1, '
o e blaps 2L el 7o)

(4.169)

Because the first two terms in the last line are just the radial part of the Laplacian acting on (x’|a) ,

the last term must be the angular part of the Laplaican acting on (x’|a), in agreement with Eq.

(4.164).
4.3.3 Spherical Harmonics

A spinless particle subjected to a spherical symmetrical potential is separable in spherical
coordinates, and the eigenfunctions can be written as

(X'[n,1,m)=R, (r)Y,"(6.9), (4.170)

where n is some quantum number other than | and m. When the Hamiltonian is spherically
symmetrical, H commutes with L? and L,, and thus the energy eigenkets are also the eigenkets
of L* and L,. Due to the commutation relations of L, k=123, the eigenvalues of L* and
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L, areexpectedtobe I(1+1)2 and mi, m=-1,—1+1--,1-11.
Define a direction eigenket |fi),

Y™ (6,4)=Y," (A) = (A]l,m), (4.171)

which is the amplitude for a state characterized by I, m to be found in the direction n specified by
(6.4).

Knowing relations involving orbital angular-momentum eigenkets, we can immediately write
the corresponding relations involving the spherical harmonics. For example, taking

L, |1, m) = ma|l,m) (4.172)
and multiplying (fi| on the left, by using Eq. (4.158), we obtain

_m%mu,m): mi (A1, m), (4.173)
which is just

h%Y (6,¢)=maY," (6,9), (4.174)

implying that ¢ -dependence of Y," (6,¢) mustbehave like exp(im¢). Likewise, according to Eq.

(4.164) and
L*[L,my=1(1+1)7%|1,m), (4.175)
we have
2
1 0,1 i(sineﬁju(ul) Y" =0, (4.176)
sin’ @ 0g>  sind 86 00

By using the completeness relation for the direction eigenkets

[do |A)(A|=1, (4.177)
the orthogonality relation
(I, m'[l,my = 6,8, (4.178)
leads to
j d¢j (cosO)Y,™ (6,4)Y," (6,) = 6y S (4.179)
For the case of m=1,
L.[1,1)=0, (4.180)
which, because of Eq. (4.162), leads to
_ihexp(igb)(l%—cot@aa j( |.1)=0. (4.181)

Because the ¢ -dependence must behave like exp(ilg), the above equation is satisfied by
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(A1) =Y, (6,4)=c exp(ilg)sin' 6,

where
. (-1) [(21+1)(21)!
T 4
to meet the normalization requirement given by Eq. (4.179).
Starting from Eq. (4.182), by applying

(AL, m)

<ﬁ|l,m—1>: aJ(1+m)(1-m+1)

00

____eo(d) [—ﬁncotea%j(ﬁ“,m)

\/(I +m)(I-m+1)

successively, we can obtain all Y," with | fixed. The result for m>0 is

v (0.6)=

(-1) [(21+2) (1+m)texp(img)  d"™

and

s

Y7 (0.9) = (1) [Y" (0.9)]

Y|°(9,¢):\/%P, (cosd).

The I values can only be an integer and not a half-integer.

For m=0,

2'n 4z (I-m)! sin"@ d(cosé’)"m

(4.182)

(4.183)

(4.184)

(4.185)

(4.186)

(4.187)

The spherical harmonics can be connected with the approach of the rotation matrices. The

general direction eigenket |ﬁ) can be expressed by applying an appropriate rotation operator

& (R)= (a=¢,8=6,y=0) to the positive z-axis direction eigenket |Z), such that

1) = (R)[2).

By applying the completeness relation, the above equation can be rewritten as

A= F Rz,
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which, multiplied by (I,m’| on the left, becomes

Q' |Ay=>" =,V (a=¢ =0,y =0)(I,m|z). (4.190)
Because
n e 21 +1 21 +1
(,m|2)=Y,™ (6=0,¢)8,, =, e R (cos)|_, 6o = / I 3o (4.191)
Eqg. (4.190) becomes
m'* "NA 21+1 (U]
Y™ (6,4)=(l,m'|A) = i Dy (a=¢,8=0,y =0) (4.192)
or
A7 e
D (@, 8.7 =0) =5 7Y (09),.,,.. (4.199)
Of particular importance isthe m=0 case:
d( ﬁ)‘ﬂzg =P (cosh). (4.194)

4.4 Schrodinger’s Equation for Central Potentials

The spherically symmetrical Hamiltonian system has the form
2

H :§—m+v(r). (4.195)

Because
[Lp*]=[Lx*]=0, (4.196)

we have
[LH]=[LH]=0, (4.197)

which means that the angular momentum is conserved.

4.4.1 The Radial Equation
According to Eq. (4.197), we should search for energy eigenstates |a)=|EIm) where

H|Elm) = E|Elm)
L?|Elm) =1(1+1)A*|Elm). (4.198)
L, |Elm) = ma|Elm)

Combining with Egs. (4.169) and (4.170), we arrive at the radial equation

{_ 2:1# %(ﬁ%}%w (r)} Re (1) =ERg (1) (4.199)
By replacing
Rey (1) =2 "), (4.200)

r
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Eg. (4.199) reducesto

_h_zdzuEl +|:I (I +1)h2

2m dr? | 2mr? +V(r)}“E'(r)=E“a(f)- (4.201)

The normalization condition is

jrzdng, (N)Rg (r)= Idru;, (r)ug (r)=1. (4.202)

The physical interpretation of ug, (r) is a one-dimensional wave function for a particle moving in

an effective potential
2
Vo (1) =V () +
which demonstrates the existence of an “angular momentum barrier” if 10, which keeps the
amplitude for locating the particle near the origin is small except for s-states.
For small values of r, Eq. (4.201) becomes
dzi I(1+1)

R ug (r), r—0, (4.204)

(4.203)

which has the general solution

Ug ()= Ar'“+rE|. (4.205)

Itis required that B =0 to allow the wave function normalizable. So we are left with

Ry(r)—>r', r—o0. (4.206)

For bound states E <0 when r — o, Eq. (4.201) becomes

2
dd:‘; - K%, (4.207)

where «* =-2mE/#* >0, whose solution is simply

U (r) ocexp(—«r). (4.208)

Defining dimensionless variable p=xr , and removing both the short-distance and the long-
distance behavior, the wave function can be written as

Ug (p)= '™ exp(—p)w(p), (4.209)

where w(p) is “well-behaved” and satisfies

2 2(1+1
d_V2V+2 E_l d_W+ !_u w=0. (4210)
dp p do |E p

4.4.2 The Free Particle and the Infinite Spherical Well

For a free particle, define

k= “ZS‘E . p=kr, (4.212)

Eqg. (4.199) becomes

23



2 1(1+1
dR+3d—R+{1—(+)}R:0.

dp® pdp P’

The solutions of this differential equation are spherical Bessel functions:
|
. (1 d sian
Wp)=(=p) | ——||——
(P)=( )(pdpj[ p
|
(1 d cos,oj
n(p)=—(-r)| =7
(2)=~ )(pdp)( p

(4.212)

(4.213)

Since when p—>0, j(p)—p' corresponds to Eq. (4.206) but n(p)— p"'" does not,

ji (p) is the only set of solutions. It can be shown that, on the complex plane,

. 1 .
i (2) =§.[_1dsexp(|zs)P, (s).
The first few spherical Bessel functions are
. sin p
\p)=—"
()=
. sin cos
h (,0) = p_=EP

2

P P

For a particle confined to an infinite spherical well

V(r):{o, r<a

o, r>a’

(4.214)

(4.215)

(4.216)

the wave function is constrained to be zero at r =a, which leads to the “quantization condition”

ji (ka) = 0. The energy levels can then be computed as

hZ
EL = o [7[2,(271)2 ,(37;)z ,J
hZ
Ea=5 [4.492,7.732,1090%, -] .
E_= U 5.84%,8.96%,12.25°
2 =5 ] 5.847,8.96",12.25%, - |

Note that this series of energy levels shows no degeneracies in .
4.4.3 The Isotropic Harmonic Oscillator

An isotropic harmonic oscillator has the Hamiltonian

2
H=P e,
2m 2

Introducing dimensionless energy A and radial coordinate p through

1/2
Ezlha)/l, r:[ij £
2 Mo

Eg. (4.201) becomes
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d?u 1(1+1)

R u(p)+(2-p")u(p)=0. (4.220)
To remove the behavior for large and small p values, we write
u(p)=p'"exp(-p*12) (). (4.221)

The differential equation for f(p) is thus

pjpz +2[(1 +1)‘P2]%+U—(2' +3)]pf(p)=0. (4.222)

By writing f(p) inthe form of an infinite series, namely

f(p)= Zf;anp” , (4.223)
and insert it into Eq. (4.222), we obtain a =0 aan_
i{(n+2)(n +1)a,,, +2(1+1)(n+2)a,., —2na, +[ 1-(2l +3)]an}p”+1 =0. (4.224)
2
The above leads to the recursion relation
2n+21+3-4

_ , 4.225
TS i 2)ne2+3) (4.225)

indicating that a, =0 for odd n, and

Sz, 2 (4.226)

where ¢ sg. Therefore, for large values of p, Eq. (4.223) becomes

f(p)—)CZ%(pz)q ocexp(pz), (4.227)

where ¢ is a constant. Therefore, the series has to terminate to meet the normalization condition,
which requires in Eq. (4.225),

2n+21+3-1=0 (4.228)

For some even value of n=2q, the energy eigenvalues are
= =(2q+| +gjha) E[N +gjha} (4.229)
for q=0,12,---, 1=0,1,2,---, and N =2qg+I, which is referred to as the “principle” quantum

number. It can be shown that g counts the number of nodes in the radial function.
We may also write the Hamiltonian Eq. (4.218) as

H=H +H +H,, (4.230)
where H, =a'a, +% for i=x,y,z. The energy eigenstates can then be labeled as nx,ny,nz>
instead of |NIm), and the energy eigenvalues are

Ez[nx+%+ny+%+nz+%jha)=(N +gjha) (4.231)

where N =n,+n +n,.
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4.4.4 The Columb Potential
The Column potential is given by
2
V(x)=—"—", (4.232)

where Z is the atomic number, e is the electron charge, and r is the distance. Define

1/2 2 2 172
poz(f—”E“) Z%:(Zi“éj Za, (4.233)

2
where «a = Z— ~ % is the fine structure constant. Eq. (4.210) becomes
C

d’w dw
pw+2(|+l—p)$+[po—2(|+1)]W(p)20. (4.234)
It can be written as Kummer’s Equation:
d’F dF
—-aF =0, 4.235
de +(c—x) ™ a ( )
where
x=2p, c=2(1+1), 2a=2(1+1)-p,. (4.236)

The solution is called the Confluent Hypergeometric Function:

ax a(a+l)x’

F(a;c;x)=1+——+ +oee (4.237)

c1! c(c+1)§
SO
w(p)- F[I+1— %2(1+1); zpj (4.238)
For large p, we have
(a+1) N /2 p
~ Z_x 4.239
wip)=2 = (c+1) ; N ; hbaa% (4.239)

To allow the series Eq. (4.237) finite, we must have a+N =0 that leads to p, =2(N+1+1),

where N =0,1,2,--- and 1=0,12,---. Define the principal quantum number
n=N+1+1=123,-- (4.240)
where 1=0,1,---,n-1, According to Eq. (4.233), we have

2
py = 2"’; Za=2n, (4.241)
which leads to the Balmer formula
2 2 2
E=—Ime 2% = 136x% ev. (4.242)
2 n n

The level of degeneracy for a state |nIm) is given by

n

-1
(20+1)= (4.243)

I:O
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Since p=«r,where x=+-2mE/#* , we have

1 hAon n
—=——=a,—, 4.244
Kk mcaZ % Z ( )
Where the Bohr radius
2
_ (4.245)
mca me
For an electron, a, =0.53 A, which is the typical size of an atom.
According to Eq. (4.170), the hydrogen-atom wave functions can be written as
Wam (X) = (X|nIm) =R (r)Y," (6.4), (4.246)

where

[@ Cz ez} (et 220
Ry (1) exp[ N( ]Zn )!XF[ n+|+1,2|+2,na0J.(4.247)

(21+1)! na, )\{ na, (n—1-1
2.0 T 1 1.0 | |
— L5 -
=
= 10f —
o
n’.z: ‘r: ]
051 o T BT L e i T
"N...‘_‘_‘-_h__
| | |
0 0 2 4 0 2 4
ZIIJ'{(IID Zﬂ'r('f{}

Radial wave functions for the Coulomb potential and principal quantum numbers n = 1 (left) and n = 2 (right).

4.4.5 Addition of Angular Momenta

We start by looking at two simple examples:
(1) For a realistic description of a particle considering both the position and spin degrees of
freedom, the base ket

X, ) =[x} ®|4), (4.248)
where any operator in the space spanned by {|x’)} commutes with any operator spanned by |i) :

The rotation operator still has the formexp(—iJ-Ag¢/#), but the generator of rotation

J=L+S. (4.249)
More precisely, it should be written as
J=L®1+1®S, (4.250)
where the 1in L ®1 stands for the identity operator in the infinite-dimensional ket space spanned
by the position eigenkets, and the 1 in 1®S stands for the identity operator in the spin space.
Because L and S commute, we can write

& (R)=2 " (R) =z ®(R)= exp(—i L'Tﬁqﬁj@exp(—i %} : (4.251)
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The corresponding wave function is written as

(X.2|a)=vy.(x)= {% (j)) (4.252)

Instead of |x’), we may use the simultaneous eigenkets of L* and L,, |nIm), with eigenvalues

RI(1+1) and m7 , respectively. For the spin part, |4_r) are eigenkets of S* and S, with

eigenvalues 37#°/4 and =+i/2, respectively. Therefore, we can expand the state ket in terms of

simultaneous eigenket of (LZ,S2 L

v =z

s,) or (3%,9,,12,8%).

(2) For two spin Y2 particles with the orbital degree of freedom suppressed, the total spin
operator can be written as
S=S5,+S,=5,81+1®S,. (4.253)
We have the commutation relations

[S1:Sy ] =0,

, (4.254)
(S8, |=i18,,.[ S,,.8,, | =inS,,, -
which lead to the commutation relation for the total spin operator
(S8, ]=ins,. (4.255)
The eigenvalues of the various spin operators are
$?=(S,+S,)" :s(s+1)n?
S,=S5,+5S,, ‘mh (4.256)
S, ‘mA
S,, tm,7

An arbitrary spin state of two spin %2 particles can be expanded in terms of (SH,SZZ) or (SZ, SZ) .
1. The {m,m,} representation based on the eigenkets of (SHVSZZ) :

R e T O el (4.257)
where + stands for m, =1/2 and —stands for m, =-1/2, i=12.

2. The {s,m} representation (or the triplet-singlet representation) based on the eigenkets of
(s’s,):

|s=Lm=4+1), [s=0,m=0). (4.258)

The relationship between the two base kets is:
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|[s=Lm=1)=|++)

[s=1m=0)=—(/+-)+| )

s=1m=-1)=|--)

[s=0.m=0)=(+-)-|-+)

(4.259)

The formal theory of angular-momentum addition can be systematically developed as
follows. Considering two angular-momentum operators J, and J, in different subspaces. They

satisfy the following commutation relations:
[Jli ) ‘]lj J = ihgijk‘llk
[35.3,; | =ine 3y, (4.260)
[Jlk ) ‘]2| ] =0

and the total J also satisfies the angular-momentum commutation relations

[3,,3; ] =ineyd,. (4.261)

1) If we choose simultaneous eigenkets of (J?,3%,J,,,J,,), denoted by |j,j,;mm,), the
1z 112 172

defining equations are
I dihsmmy) = jy (3 +21)2°| Jijpsmym,)
‘]lz | j1j2; m1m2> = m1h| jljZ;mlm2>
‘J§| j1j2;m1m2> = jz (Jz +1)h2 | jljz;m1m2>
J22| j1j2; m1m2> = mzh| j1j2; m1m2>

(4.262)

(2) If we choose simultaneous eigenkets of (Jz,Jf,Jg,JZ), denoted by |j, j,; jm), the

defining equations are

32| hudes im) = Ju (i +2) 7% |y bz Jm)
I3 hides im) = T, (B, +1) %] Jy by im) (4.263)
I*|hyJzi im) = J(i+2)7*| J,J: im)
3. | Jizs im) = mal j;j,; jm)
Because
J2=0+32+23,3,,+3,.J, +3,3,., (4.264)
we have
[0%,,]=0, (4.265)
but
[92,9,]#0, [3%.3,,]=0. (4.266)
The two bases are connected by the unitary transformation:
|ide Jm) =23 d b mimy ) (i Jpsmym, |y Jys m), (4.267)

mom,
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The elements of the transformation matrix ( j, j,;mm,| j,j,; jm) are Clebsch-Gordan coefficients,

which can also be written in terms of the Wigner’s 3-j symbol:

.. - . i—ip+m - J J J
(I dsmum, | jyJps jm) = (1) \/21+1( Lo j (4.268)
m m, -m
They have the following important properties:

(1) The coefficients vanish unless
m=m+m,. (4.269)
Proof: Note that

(3, =3, = 3,,)| jrdp: im) =0. (4.270)
Multiplying (j,j,;mm,| on the left, we obtain

(m=m,—m, ) (s mm, | j,J,; im)=0. (4.271)
Therefore, unless m=m +m,, (j,j,;mm,]|jj,; im)=0.

(2) The coefficients vanish unless |j, — j,|< j < j,+ ],
Proof: Because J=J,+J,, this is obviously true if the dimensionalities of the spanned spaces are
the same. For {|j, j,; jm)}, let j, > j,, the dimensionality is

N = Jz’ (2j+1)
:%[{Z(L — 5+ Y+ {200+ i) +1}] (21, 1), (4.272)

=(2j,+1)(2j,+1)
which is just the dimensionality of {| j, j,;mm,)}.

(3) The Clebsch-Gordan coefficients form a real unitary matrix, so we have the orthogonality
condition

> b mm, | gy ips m) (b mimg |3, b3 im =5 5 (4.273)
j m

and
22 (hosmimy | g ds im) (o mym, | jy 3,5 ') = 58 (4.274)
m.my

By setting j'=j, m'=m=m, +m,, we then obtain

> > [hdemm,| i im)f =1, (4.275)
my

m my=m-
which is just the normalization condition for |j1j2; jm).

With j,, j,, and j fixed, the coefficients with different m, and m, are related to
each other by recursion relations. Starting with

30



Ji

Jodo dm) = (e + B2 ) 20 20 i dormum, )y Josmum, |y o jm) (4.276)

m m,

and using Eqgs. (4.138) and (4.139), we obtain

JGEm)(GGEm+1)|j,j; . m+1)
= 23 (JFm) e D) g L)+ (G, ) (3 £m; +D) | it m; ). (4.277)

mm
(i mim; | 3, s im)

Multiplying by (jljz;m1m2| on the left and using orthonormality, the nonvanishing contributions
from the right-hand side are possible only with
m=m+l m,=m, (4.278)
for the first term and
m=m, m,=m,+1 (4.279)
for the second term. So we finally reach the recursion relations:
JGFm)(iEm+1) (Gyimm, | jy j,; j,m1)
= Fm +1) (G £m) (JJpimy F1m, |, jm) - (4.280)
(i Ty +2) (B, M) Gy i my,m, £y, jm)
Because the J, operators have shifted the m -values, the nonvanishing condition Eq. (4.269) for

the Clesch-Gordan coefficients has now become (when applied to Eg. (4.280))
m +m,=mz=1. (4.281)
The recursion relations Eq. (4.280), along with the normalization condition Eq. (4.275), almost
uniquely determine all Clebsh-Gordan coefficients, subject to certain sign conventions to be
specified.
An important example is adding the orbital and spin-angular momenta of a single spin %
particle. We have

Jl = Il ml = m|;
1 ! (4.282)
=S=—, M =M =x—
12 2 2 S 2
The allowed j values are
I+=, 1>0
i= 12 . (4.283)
=, 1=0
2
Using the fact that
m =m, :m—%, mZ:mszé, (4.284)

according to Eq. (4.280) (lower sign), we work out for the case j=I +% to obtain
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J@+l+m+90+l—m]<
2 2
(4.285)
1
:\/£I+m+—J[I—m+
2
which just moves horizontally by one unit:
11
m-=,= 4.286
(m-22 (4.286)
This procedure can be continued until m, reaches 1. So the maximum possible value
1 3
l+m+= l+m+—=
11 1 ( zj ( 2) 31| 1
m-=,={l+=,m)= m+—,={l+=,m+2
< 2'2| 2 > ( 3] ( 5] 2| 2
l+m+— l+m+—
2 2
(4.287)

1
l+m+=
2L

2l +1 <'2

When both m, and m, take the maximal values of | and % m:m,+mszl+%,and the

1, 1
l+=1+=
2 2

corresponding j =1 +%. So

m, =1,m, =l> must be equal to
2

. 1 1
=l+= m=1+=) uptoaphase
J > 2> p p

factor. By choosing the phase factor to be real and positive, we have

é}
2
Putting into Eq. (4.287), we obtain

1
l+m+=

mot et :,/ 2, (4.289)
22| 2 21+1

Because the transformation matrix with fixed m from the (m,m,) basis to the (j,m) basis is

|+£,|+l>=1. (4.289)
2 2

expected to have the form

[00.50: sina], (4.200)
—sina cosa
let cosa tobe Eq. (4.289), then
1 1
l+m+= I-m+=
sina =1 2 _ 2, (4.291)
21 +1 21 +1

Therefore, Eq. (4.290) can be written as
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1 1
l+m+= l-m+=
2 2
21 +1 21 +1

. (4.292)
1 1
\/I—m+ \/I+m+
_ 2 2
21+1 21+1

The spin-angular functions in two-component form are defined as

I+m+— I+m+—
//j|+1/2m= 2 m1/2 9¢ 2 m+ll2 9¢
. 4.293)
|+ Ym -1/2 9 (
1 ‘/ m+2 (6,9)
20+1| |
+ |$m+%Y|m+1/2 (9, ¢)

They are simultaneous eigenfunctions of L*,S%,J%,J, .

They are also eigenfunctions of L-S= %(Jz . Sz) , Whose eigenvalue is

(h—zzj{j(j+1)—l(l+1)—ﬂ= 0 S - 2 (4.29%)
2
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